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PREFACE TO THE FIRST EDITION 


HIS book, as its name indicates, is meant to be a texf- 

book for the Intermediate students of Indian Univer- 
sities, especially the University of Calcutta. Regarding 
the subject-matter, we have tried to make the exposition 
clear and concise, without going into unnecessary details. 
A good number of examples has been worked out by way of 
illustrations, and examples set have been carefully selected. 


Important formule and results have been given’ at- the 
beginning of the book for reference. Calcutta University 
questions of recent years are given at the end, to give tlie. 
students an idea of the standard of the examination.. 


It is hoped that the book will meet the requirements 
of those for whom it is intended and we shall deem our 
labours amply rewarded if the students find the book useful 


to them. 


The book had to be hurried through the press practi- 
cally within the period of a fortnight, and we must thank 
the authorities and officers of the K. P. Basu Printing 
Works, Calcutta, who, in spite of their various preoccu- , 
pations had the kindness to complete the printing in such . 


a short period of time. 


Any criticism, correction and suggestion towards 
improvement will be thankfully received. 


CALCUTTA : \ C.D; 
June, 1933 eae M. 


PREFACE TO THE FIFTH EDITION 


THIS edition is practically a reprint of the fourth edition ; 
only a new chapter dealing with harder problems on 
, Heights and Distances, Summation of Finite Trigonometri- 
cal series, and Elimination has been added in the end 
to cover the syllabuses of some other Indian Universities. 


CALCUTTA : \ 


D. 
January, 1988 M. 
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PREFACE TO THE TWENTY-SECOND EDITION 


ALTHOUGH this edition is practically a reprint of the 
previous edition, it contains all those topics that are 


mentioned in the revised syllabus of Trigonometry of the 
Calcutta University. 


CALCUTTA : } 


B.C. D. 
March, 1962 B. N. M. 
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CHAPTER I 
MEASUREMENT OF ANGLES 


1. TRIGONOMETRY, as indicated by its very name, 
originally meant a subject which dealt with the methods 
of measurement of triangles. At present its scope has 
widened, and now it means a subject which deals with the 
measurements relating to any angle, not necessarily an angle 
of a triangle. 


2. Angles in Trigonometry. 


In Geometry, angles are supposed to be formed by the 
intersection of two straight lines and are always restricted 
to lie between 0° and 360°, being acute, obtuse or reflex. 
Moreover, they are always positive, negative angles having 
no meaning. In Trigonometry however, the idea of an angle 
is much more general. 


An angle in Trigonometry is supposed to be formed by 
the revolution of a straight line which starts from an initial 
position coinciding with one arm, and traces out the angle 
by its revolution about one extremity until it reaches tho 
final position coinciding with the other arm. 


For instance, the angle XOP is formed by the revolution 
of a line which starts from the initial position OX, and 
revolving in the anti-clockwise direction, traces out the 
angle XOP which is acute. The same line again, starting 
from OX and revolving in the anti-clockwise direction may 
make a complete revolution and further move up to the 
position OQ. The angle formed in this case is more than 
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five right angles. Now revolutions may be clockwise or 
anti-clockwise. It is conventional to consider angles formed 
by the anti-clockwise revolution of the revolving line to be 
positive. Angles formed by clockwise revolutions of the 


revolving line/will then be considered negative angles. For 
example, the angle XOR measured in the clockwise direc- 
tion from the initial position OX is a negative angle. 


Thus, angles in Trigonometry may be of any magnitude 
and may be positive as well as negative. 


OX being the initial position of the revolving line, 
' produce XO to X’, and let YOY’ be the perpendicular line. 
The whole plane is thus divided into four quadrants, the 
first being XOY, the second YOX’, the third X’OY’ and 
the fourth Y’OX. If we contemplate an angle say +920° 
to be traced out by the revolving line, the line must have 
completed two complete revolutions, thereby describing 
2% 360°=720°, and have further traced out an angle 200°, 
so that the final position of the revolving line is in the third 
quadrant. Similarly, if we consider an angle —1354°, the 
final position of the revolving line is in the first quadrant, 
for —1354°= —360° x 3—274°. 


It should be noted that if two angles differ by complete 
multiples of 360°, the starting line being the same, the final 


ee 
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position of the revolving line will be coincident for the two 
angles. For example, the angles 255° and —105° will have 
the final positions of the revolving line same, if both start 
from the same initial position. 


3. Units of measurement of angles. 


We should now define the different systems of units 
used for the measurement of angles. In defining a unit 
however, a standard angle, which has no reference to any 
particular system of unit, should form the basis, and such 
a standard angle is a right angle. Aright angle is defined 
in books on Geometry to be an angle which any straight 
line standing on another makes with it, when the two 
adjacent angles formed are equal to one another. A right 
angle is always the samo everywhere, and it thus forms 
a suitable basis to start with, in defining the different 
systems of measurement of angles. 


There are three systems of units used in Trigonometry 
for measurement of angles, viz., 

(i) Sexagesimal unit. 

(ii) Centesimal unit. 

(iii) Cirealar unit, © 

Sexagesimal* System. In this system, a right angle 
is divided into 90 equal parts, each being called a degree. 
A degree is again divided into 60 sexagesimal minutes, and 


each minute is further sub-divided into 60 sexagesimal 
seconds, so that ; 


1 rt. angle=90° (degrees) 
1° =60' (sexagesimal minutes) 


1’ =60” (sexagesimal seconds) 


*So called, since the sub-divisions are mostly by sixtieth parts. It 
is also called the Common or the English System. 
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Centesimal *System. In this system, the sub-divisions 
of a right angle are as follows : 


1 rt. angle=100® (grades) 


48 =100' (centesimal minutes) 


oA =100'' (centesimal seconds). 


Note, It may be noted that 1‘ (centesimal minute) is not the same 


as 1' (sexagesimal minute), the former being 


g ioe 100 of a right angle 


and the latter being 0x00 of a right angle, so that the first is 23th 


part of the second. Similarly, 1 is less than 1”, being only {5th 
part of it. 


The connection between the two system of units may 
be effected through a right angle, remembering that 1 right 
angle=90°= 100", so that 9°=10%. Any angle in the first 
system may be reduced to degrees, and: then multiplied 
by 49° will be reduced to grades. Similarly, an angle in the 
second system may be changed to the first. 


We shall presently deal with the third system, namely 
-the circular system. 


4, Theorem. In ali circles, the circwmference bears 
@ constant ratio to tts diameter. 


Take any two circles of any radii, and place them with 
a common centre 0. In one, let ABCD... be an inscribed 
regular polygon of m sides. Let A’, B’, CO’... be the points of 
intersection of the radii OA, OB, OC,... with the other circle. 
It is easily seen that A’B'C’ ... is also a regular polygon of 
m sides, inscribed in the second circle. Now OA=OB, as 
also OA'=OB’, so that in the triangles OAB, OA'B’, 


+ So called because the sub-diyisions are by hundredths. It is also 
called the French System. 
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° 
OA: OA'=OB: OB’, and angle Ois common. The two tri- 
angles are therefore similar. Hence, AB: A’B’=OA: OA’. 
Thus, 


_perimeter of polygon ABCD... _ ”.AB _OA | 
perimeter of polygon A’B’C'D’...  7.A'B’ OA’ 


This being true, whatever the number of sides m may be, 
making n infinitely large, the perimeters of the polygons can 
be made practically coincident with the circumferences of 
the corresponding circles, and thus we deduce that 


circumference of the circle A'B’O'D’.... OA’ 


circumference of the circle ABCD... _ OA, 


radius of circle ABC... 


+.@. ~vadius of circle A’B’O’.... 

Thus circumference of any circle : its radius is the same 
for all circles. As diameter is twice the radius, we deduce 
that the circumference of any circle bears a constant ratio 
to its diameter. 

This constant ratio is denoted by the Greek letter x. Its 


actual value has been determined by methods which are out- 
side the scope of the present book, by some mathematicians 
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to more than 500 places of decimals. An approximate value 
commonly used is 4#. A more accurate value is 224. 


Expressed in decimal, the value is nearly 3°14159... 


Hence, if r be the radius of a circle, d its diameter, 


the circumference=7d=2zr, 


where r=3°14159...=34 roughly. 


5; Circular Unit or Radian Measure. 


In any circle, if we take an arc whose length is equal to 
the radius of the circle, the angle which this arc subtends 
at the centre is called a radian, and is written as 1°. 


We shall now show that with reference to whichever 
circle it may be defined, a radian is a constant angle, and 
hence it may be used as a suitable unit for measurement of 
angles, which is known as the circular unit. 

’ 


Theorem I. 4 radian is a constant angle. 


RB 


Let AB be an are of any circle with centre 0, whose 
length is equal to its radius OA. By definition, 7 AOB= 
iradian. Since angles at the centre of a circle are propor- 
tional to the arcs which subtend them, and the whole angle 
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round O subtended by the complete circumference being 
known from Geometry to be 4 right angles, we get 


SeA420855 Darcep a. =e ered uses 
4 right angles whole circumference circumference 


‘ ise = Oh c 
te, fap 7 Onr On + being the radius, 


bo 


Hence, 1 radian = 7 rt. angle, 
a radian is a constant angle. ( a being constant ) 


Note. We thus see that whatever be the radius of the circle with 
reference to which a radian is defined, its magnitude is the same. 
From above, + radians=180°. 


opaktn) aE arc 
1 radian="— = 31415972" 29577 degrees 


=57° 17’ 44'8" nearly. 
1 degree= ‘0174538 radians nearly. 


In higher mathematics so far as theoretical investiga- 
tions are concerned, as a matter of convenience, angles are 
usually measured in the circular unit, z.c., in radians. In 
this connection we may state the following theorem : 


Theorem II. The measure of any angle in radians is 
expressed by the ratio of the arc of any circle subtending that 
angle at its centre, to the radius. 


Tet XOP be any angle. 


With centre O and any radius OA draw a circle, and let 
AQ be the are which subtends the angle XOP at the centre 
0. let AB be the are whose length is equal to the radius 
AO, so that, by definition, Z AOB is one radian. 


Now from Geometry, angles at the centre of a circle are 
proportional to the arcs which subtend them, 
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ZXOP arc AQ_ arc AQ , 
Hence, ZAOB arcAB radius OA 


ZXOP _ are AQ , 


°") ‘JT yradian radius OA 
: —-are AQ adi 
te, LXOP= radius OA 0! ® radian. 


Thus, if 6 be the radian-measure of the 7 XOP, s be the 
length of the arc AQ, and 7 the radius of the circle, then 


s 
6= r Of = S=rd. 


Note. In higher mathematics, when an angle is expressed in 
radian-measure, the unit is generally implied and not expressed, so 
that, when the measure of an angle is given without the unit being 
mentioned, we should always understand it to be in radians, For 


> 
example, ‘an angle is oi means that the angle is jradians, which con- 


verted to degrees is 90° i.e., one right angle. 


6. In working out examples, relations between the 
three systems of units should bo carefully remembered, 
namely 


1 rt. Z =90°=1008= 5 radians, 
whence, x*=180°. 


MEASUREMENT OF ANGLES 


Ex. 1. Express 
(i) 60° 22’ 40°8" in centesimal measure 
and (ji) 2039 58' 73" in radians. 
Here (i) 63° 22’ 40°8" = 62355 deg. =“3552% go rk. Z 


= 43852 x a5 x 100 grades = #$8+ grades. 


=702 42°. 
(ii) 2032 5S’ 73° = 203°5873 grades 
= 2035873 rt. Z =9'035873 x 5 radians 


of 
cl 


=1°0179365z2 radians, 


Two angles of a triangle are 72° 53’ 51”, and 


Ex. 2. 
Find the third angle in radians. 


419 29' 50" respectively. 
419 99° 50" = 41°2250 grades 
a \ 
= Peete degrees [ 9°=107 ] 
10 
= 371025 degrees 
= 37° 6/9". 
The sum of the two given angles is therefore 
79° 53! 51" +37° 6’ 9"=110°. 
The sum of the three angles of a triangle being 180°, the 
third angle is 


180° — 110°=70° = 70° x a radians [ 2°=180° ] 


= f radians. 


Ex. 3. Divide m radians into two parts such that the 


number of sexagesimal minutes in one may be to the number 
of centesimal seconds in the other part as 27 : 2500. 


2 
We have i radians = - x 7 ub. Z=%$ rt. Z. 
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Let a be the number of centesimal seconds in the second 
part, so that z3$0% is the number of sexagesimal minutes 
in the first part. 


i} \ —_— Lae eae =a, 
Now ve peas 100 * 1002" © 
QT 27a 
and 95907 = 9500 x 60x90 ** 4 = sooo 2 
5), a ee SES a 
* 7000000" 500000 ~ 2 
_ 500000 
where #= Fae 
500000" _ 500000 


Thus, second part is 3 ~3x100*100x oxi007" wee 


=t rt. 2 =15°, and as the sum of the two parts is 
trt. Z i.¢., 45°, the first part is 30°. 
The two parts are therefore 30° and 15°, 


Ex. 4, The angles of a quadrilateral are in A.P., and 
the number of grades in the least angle is to the number of 
radians in the greatest as 100:x2. Find the angles in 
degrees. 

Let the angles, expressed in degrees, be a,a+B,at+22B 
‘and a+88 respectively. Then 

atat+B+at2B+a+36=360, < (1) 
4.0.5 2a+36=180. 

Again the least angle, a P= 5099 

and the greatest angle (a + 3g)°= 


and so oe At given condition, 


180" 


Palla + 3p) = 


Qa 
atop 1, whence a=38. 


180 ~ 100/z, 


or, 
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using (i), 32 =110, or, a=60 and p= a =90, 


Thus the angles are 
60°, 80°, 100° and 120°. 


Ex. 5. At what distance does a man, 5% ft. in height, 
subtend an angle of 15" ? 


B 


ae 
) 


7 ft. A 


“AB being the man subtending an angle 15” at O, let 
‘OA be 7 ft. 

As the angle AOB is very small, so that AB is very 
small compared to AO, we may assume the small length 4B 


to be practically a small are of a circle whose centre is 0. 
Now the measure of an angle in radians is the ratio of the 
are which subtends it at the centre to the radius, 
[See Art. 5] 
LOY Bae os: 
x60° 180 7 
1. 180 x GO x 60 

or, ru Ae Ral ft 

11, 180 60 x 60 x7 


1 
15 x 22 3x 1760 
= 14°32 miles nearly. 


miles approx. 


Examples I 1 


4. Indicate the final position of a revolving line which 
has traced out the angle 


(i) 1122° ; (ii) —810° 29’ ; 
Gi) 6177 51'S; (iv) PB xadians. 
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2. Express (i) 55° 12 36" in centesimal measure ; 
(ii) 195935‘ 24" in degrees, minutes, and secs. 


3. How many radians are there in (i) 50% 75‘ 50"; 
(ii) 18° 33’ 45” 2 


4. Express in each system of angular measurement 
the angle between the minute-hand and the hour-hand of 
a clock at quarter to twelve. 


5. If 2 be taken as the unit angle, and the angles 
600° and 16° expressed in that unit be @ and B respectively, 
find the relation between a and f. 


6. The difference of two angles is 1°; the circular 
measure of their-sum is 1; find the circular measure of the 
smaller angle, 


7. Two angles are in the ratio 2: 3, and the difference 
of their measure in grades and in degrees respectively is 
2% ; find the angles in degrees. 


8. An angle is the excess of D° M’ over Gm. Find 
the ratio of this angle to a right angle. 


9. The circular measure of a certain angle is equal 
to the ratio of the number of degrees in it to the number 


of centesimal minutes; find the magnitude of the angle 
in degrees. 


10. With two units of angular measurement differing 


by 10°, the measure of an angle are as 8:2; determine 
the units. s 


nts AG an angle standing upon an are of length ‘/’ at the 
centre ofa circle of radius ‘7’ be taken as unit, and three 
angles D°, G’, and C circular units expressed in that unit 
be 2, y, z respectively, show that 
Dz Gna 
Giyiza=—=, 3%, 
ye 76 ‘99 : 100. 
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12. Three angles are in G.P. The number of grades ‘ 
in the greatest angle is to the number of circular units in 
the least as 800 to x, and the sum of the three angles is 
126°. Find the angles i in grades. 


183. Divide 54° in three parts, such that the circular 
measure of the first exceeds that of the second by UP and 


the sum of the second and third is 30 grades. 


14, Find at what times between 7 and 8 o'clock tho 
angle between the two hands of a clock is (i) 60%, (ii) 155°. 


15. The angles of a triangle are in A.P., and the number 
of radians in the greatest is to the number of grades in the 
least as 2: 40. Find the angles in degrees. 


16., In each of two triangles the angles are in G.P. ; 
the least angle of one of them is three times the least angle 
in the other, and the sum of the greatest angles is 240°. 


_Bind the circular measure of the angles. 


17. One angle of a quadrilateral is $ of another and the 
two other angles are 66% grades and 3 radians, Express 
the angles in degrees. 

18. The angles of a polygon (which has no reflex angle) 


are in A.P. The least angle is = radians and the common 


difference is 5°. Find the number of sides. 


19. The number of sides of two regular polygons are as 
m:n, and the number of degrees in an angle of the first is 
to the number of grades in an angle of the second as p : g. 
Determine the number of sides in each polygon. 


20. An are of 50% in one circle equals one of 60° in 
another ; find the radian-measure of an angle subtended at 
the centre of the first circle by an arc equal to the radius of 


the second, 
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21. Two regular figures are such that the number of 
degrees in an angle of one is to the number of degrees im 
an angle of the other as the number of sides in the first 
is to the number of sides in the second. The sum of the 
number of sides of the two figures being 9, determine the 
number of sides of each. 


22. The wheel of a railway carriage is 4 ft. in diameter 
and makes 6 revolutions in a second ; how fast is the train 
going ? 


~ 28. The earth revolves round the sun in a circular orbit 
of radius 92700000 miles oncé a year. Find its velocity in 
miles per hour. If the apparent angular diameter of the 
sun observed from the earth be 32’, find also the linear 
radius of the sun. 


24. A tower subtends an angle of 10’ when the observer 


is at a distance of 6 miles ; find its height. 4 


25. Find the radius of the earth, if an angle of 1° is 
subtended at its centre by an are joining two places on it 
distant 691 miles.’ 


26. A horse is tied to a post by a rope 27 feet long. 
If the horse moves along the circumferenco of a circle 
always keeping the rope tight, find how far the horso will 
have By when the rope has traced out an angle of 70°. 

n=2e 


27. A man ranning along a circular track at the rate 
of 10 miles per hour, traverses in 36 seconds, an arc which 


subtends 56° at the centre. Find the diameter of the 
circle. (x=22) ; 


28. An are of 30° in one circle is double an are in 
a second circle the radius of which is three times the radius 


of the first. Show that the arc of the second circle subtends 
5” at its centre, 


CHAPTER II 
TRIGONOMETRICAL RATIOS 


7. Trigonometrical ratios defined. 


Fig. 2 Fig. 2 


Let 6 be the measure of an angle XOP which may be- 
supposed to be traced out by a revolving line starting from 
the initial position OX. From any point P on its other 
arm, draw & perpendicular PN on OX (produced if necessary, 
as in the second figure). A right-angled triangle is thereby 
formed, The trigonometrical ratios of the angle @ are- 


defined as follows :— 
PN 


Sino of the angle 0, written as sin 6= OP 


opposite side 


1.e. 
” hypotenuse 


Cosine of 0, written as cos O= ar 


adjacent side 
hypotenuse 


4.8. 
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N 
Tangent of 0, written as tan @ -A 


opposite side 
“" adjacent side 


‘ Oe 
Meares of 6, written as cosec @= PN 
hypotenuse 
Lt ere post 
opposite side 
A OP 
Secant of 0, written as sec = ON 
Jupotenuse 
“bi adjacent side 
i _ ON 
Cotangent of 0, written as cot @= PN 


adjacent side 


“" opposite side 


In addition to these, we define two less important ratios 
-of the angle @ which are sometimes used, as following :— 


Versed sine of angle 0, written as vers 0=1—cos 6 


Coversed sine of angle 0, written as covers @=1—sin 6 


8. Signs of Trigonometrical ratios, 


XOP being any angle, traced out by a revolving line 
which starts from OX, it has already been mentioned in the 
last Chapter that the plane may be divided into four quad- 
rants by the two perpendicular line XOX’ and YOY’. 


It is conventional, as in graphs, to consider distances 
measured along OX and OY as positive, and along OX’ and 
OY’ as negative. The distance measured along OP, the 
final position of the revolving line corresponding to the 
angle XOP, in whichever quadrant it may lie, is however 
always considered positive. 
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With this convention, if OP lies inthe first quadrant 
as in Fig. (i) of the last article, the sides PN, ON and OP 
of the right-angled triangle OPN are all positive. Hence 
all the trigonometrical ratios are positive. If OP lies in the 
third quadrant as in Fig. (ii), ON and PN are both negative, 
but OP is positive. Hence, from the definition of the Tri- 


gonometrical ratios, sin XOP (- EN) is negative, cos XOP 


PN _ negative | 


=O) is nog 
( ab Meese te gunn xO? ON negative quantity, 


OP. 
is positive etc. 


In this way, according to the final position of the 
revolving line (starting position being OX), we can determine 
the signs of the Trigonometrical ratios of the angle XOP 
whether this angle traced out is positive or negative. If 
OP is in the first quadrant, the ratios are all positive. If 
OP falls in the second quadrant, sine and cosecant (which is 
evidently the reciprocal of sine), are positive ; all the other 
ratios are negative. If OP be in the third quadrant, tangent 
and cotangent (which are reciprocals to each other) are posi- 
tive ; all the others are negative. In the fourth quadrant. 
cosine and secant are positive, others are negative, A 
symbolical figure will help the memory in this case, namely 
that according to the position of OP, 


Y 
sin all 
(positive) (positive)  - 4 
x! fe) Xx 
tan cos 
(positive) (positive) 
y’ 


The positiveness of sine, cosine and tangent also implies 
the positiveness of their reciprocals, namely, cosecant, secant 


and cotangent respectively. 


2 
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9. Constancy of Trigonometrical ratios. 
So long as an angle remains the same, its Trigonometri- 
cal ratios are unique. 


Let XOP (=6) be any angle, and let PN and P’N’ be 
drawn perpendiculars upon OX from any two points 
P and P’ on OP. The two right-angled triangles OPN 
and OPN’ are similar. Hence, sin 0, whether we take it 
as at ae is the same. If the angle be XOP,, 
when OP, is not in the first quadrant, the right-angled 
triangles P,N,O and P’,N’,O are not only similar but also 
have their corresponding sides of the same sign. Hence, 
the Trigonometrical ratios of the angle XOP, whether 
defined from the triangle P,N,O or from P’,N’,0 are the 
same in magnitude as wellasin sign. Thus for any given 
angle, the Trigonometrical ratios are unique. 


1, 


—— a 
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Note. In case of a positive acute angle like XOP, we might take 
any point Q on OX as well, and draw QM perpendicular upon OP, 
opposite side ,, QM. om 
hypotenuse %.8., 00’ cos XOP to be 00 
etc. Now the two triangles QOM and PON are easily seen to be 
imilar and both have their sides all positive; ey, 
simi n ave eir sides all positive; so that 0Q OP’ 


Om _ON + 
00 =Op etc. Hence the Trigonometrical ratios of the angle XOP, 


even if defined from triangle QOM, will have the same values. 


and define sin XOP to be 


It may also be noted that for angles of any magnitude, positive or 
negative, any of the two arms may be supposed to be coincident with 
OX, and then the magnitude and sign of the angle will fix up the 
position of the other arm, and thereby will make the Trigonometrical 
ratios unique. 


10. Fundamental relations between the Trigono- 
metrical ratios of any angle. 

From the very definitions given in Art. 7 of the Tri- 
gonometrical ratios of any angle XOP (=6) of whatever 
magnitude and sign, we at once derive the following 


relations : 


cosec 0= 


sin 0 
EO cos 0 
cot 0-7 , 
and since sin o= 7% 
cos o= tan 0= ay cot 0= gy 
we get tan 6= sing 
cos 0 


cot 6 ~sin 0 
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Again, since in the right-angled triangle OPN, 
OP?=PN*+ON’, 
dividing by OP*, ON*® and P.N* respectively, we got 


Sela a 
Er eS as 


From the definitions of the Trigonometrical ratios, 
(i) gives 4 
(sin 0)? +(cos 6)? =1. 


Now it is usual to write (sin 6)? in the form sin2@ and 
so for other ratios. The relation then reduces to the form 


sin?@+cos70=1. 
Similarly, (ii) and (iii) give respectively, 

sec?9=1+tan?0 

cosec?@ =1+ cot?6. 

These formule are also used in the forms 

sin°@=1— cos", cos*0=1-sin*0, 
sec*0—tan*0=1, tan?0=sec?0—1, etc. 

Note, The fundamental formule derived in this article are very 
important, pa are true for all values of @ whatever its magnitude and 
sign may be. For example, if we take $ in place of 0, we are simply 
taking a different angle for which the same relations are true, so that 


sin? + cos? A =1, etc. 


11. Conversions of Trigonometrical ratios. 


With the help of the formule of the previous article, we 
can express any Trigonometrical ratio of an angle in terms 
of any other ratio for the same angle ; hence if the value of 
any Trigonometrical ratio of an angle be given, we can find 
the value of any other ratio. 
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7 ET 
fu We, 
on Libr@dy 
wa as 


Ex. 1. Express sin 0 in terms of cot 0. 


i weed 
From the formule cosec 0 SnnO =, Gainers 
and cosec?0= 1+ cot79. * Boo, * 
it 1 = 


set i eee 
Vi Sea cosec 9 + »/1+cot?0 


Ex. 2. ZEapress cosec 0 in terms of sec 0. 


cosec 0 = + V1+cot*6=+ Nie 
tan* 0 
ec 8 


x pj eee : xf asta = tse 
7 tan“@ = AV sec20-1 A/sec 
Ex. 8. If cos A=43, find tan A. 
sin A_ + J/1-cos*A 


9-1 


have tan A= 
We have Piet cos A cos A 
_+/1l-ts_ trs_ 4 5. 
‘= 12 12 Saal 
13 4 


A more practical method in such cases is however 
to construct a right-angled triangle with the numerator and 
denominator as the two suitable sides, as shown below. 


Ex. 4. If sec A=45, find cot A. Be 
Let APN be a triangle right-angled at NV 
in which the hypotenuse AP =41, 


AP _41 
AN=9, so that sec wap=4h- 5 


41 
Thus ZNAP=A. 40 
Now PN2=4P?-AN?=41°-9° 
=40°, 
so that PN= +40. 
i a) 
OR A= cot NAP=Fy- #79 AN 


J 0 
NS ———— 8.CERT., West be 
yh . AEST Lita. Jo oes 


4 BOO N SSleacli 
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12. Restrictions on the magnitudes of Trigonometri- 
cal ratios. 


From the relation sin°9+cos*0=1, since sin®9 and 
cos*6@ being square quantities are both positive, it is evident 
that neither sin*@ nor cos*@ can exceed 1, for if sin?0, for 
example, be greater than 1, cos*0 (which is a square quan- 
tity) becomes negative, which is impossible. Thus sin 0 
as well as cos 8 must have numerical values not exceeding 1 ; 
in other words, both sin @ and cos 6 must lie between +1 
and —1 whatever the magnitude of @ may be. Any value 


numerically greater than 1, like—2 or +3°1 must be impossi- 
ble for sin 6 or cos 0, 


sec 8 and cosec 0 therefore, being reciprocals of cos @ and 
sin 0 respectively, can never be numerically less than 1. 


tan 0 and cot 8 however, can have any numerical value 
greater than 1 or less than 1 according to the value of 0. 


13. A few examples on the applications of the funda- 
mental formule are given below. 


Ex. 1. Prove that een’ =cosec 0+ cot 0. 
1—cos 6 


p [C. U. 1937] 
Ry eee 6_ /U+cos DREN (oi cos 6)? 
1—cos 0 1-cos*6 sin*6 
ailtecos@_ 1 , cos9 ; 
sin 0 sin 8 sin 9 COS0¢ 9 + cot 8. 
Ex. 2. Prove that 


i a, a Ale ss i ; 
sec A+tanA cos A cosA sec A—tan A 
1 Tt tale 
We have sec A+tan A aad A-tan A 
— sec A—tan A+sec At+tan4 2 sec A 
(sec A+tan A)(sec A—tan A) sec*A—tan?A 
=19)noq Ae ee u 


cosd cos A = cos A 
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Hence, by transposition, 
1 pee mei ke al f 
secA+cos A cosA cosd sec A-tan A 


, 1+2 sin 6 cos 0 
Ex. 3. Prove that Gin 0 + cos 0(cot 0 + tan 0) 
=sin 0 cos 0 (sin 6 +c0s 6). 


We Have 1+2 sin @ cos 4 
(sin 0 + cos @)(cot 6+ tan 6) 


(sin? + c0s°6) +2 sin 0 cos 6 
5 cos 6 , sin 8 
COR mie 

(sin 6 + cos (2° 0 ate 3 e) 


nm (sin 0+ cos 6)” 
5 cos*0 + sin 2) 
+ cos Gt 81020 
(sin 0+ cos ( ain COB 
_ (sin 0 + cos 0) sin @ cos 0 
1 
=sin 0 cos 0 (sin 8 + cos 6). 


Ex. 4. If 15 sin°0+2 cos 0=T, find tan 8. 
Here 15(1- cos26) +2 cos 0=7, 


whence 15 cos"8- 2 cos 9—-8=0, 


or, (5 cos 9—4)(3 cos @+2)=0; .- cos 8=%, OF, -%. 


Case (i) when cos 0=%, 
igs 2h pin b= 5, 


sin 0= 
sin 6 3 
= apres 
and so. tanO=— 39-4 
Case (ii) when cos 0= -%, 
5 


gin20=1—cos*0=1-5=%- 


_ sin @_ AJ/5, 
tan 8= 0630 9 
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Examples II 
-Prove the following identities (Ex. 1 to 24) :-— 


sin 4+cos A 
sec A+cosec A 


=sin A cos A. 


2. cot 6+tan 6=sec 0 cosec 0, 
3. 1 cot A 


1+tan A 1+cot A 
4. cosec®A—cot°d=1+3 cosec?d cot" A. 
5., cos°A+sin°A=1-3 sin? 4 cos*A, 
6 


RGGSTA ance oa Suk 


7. cos A +tan Asin A=sec A, 
8. sec*A+tan*dA=1+9 sec24 tan* 4, 
1+3 cos 0-4 cos%q 
<9. ees =(14+2 cos 0)?, 


10. (cot 0 + cosec 6)? = Lt cos 6, 


1—cos @ 
rel 1+tan’a = (Jo ten 6 = tan 4)*, 
ce -DcotsGim sacra cot 6 
12 tan*a—cot? "a _sin®g = cns?a 
“1+ cot®a cos*q 
Sail}. 1+tan 6+sec 9= ze 


1+ cot 6—cosec 0 


wig, {an +sec 0~1_1+sino 
% tan 0—sec9+1_ cos 0 


sin A=2sin®4 
EE 2cos*A=cos A ~ tan 4. 


16. Ce Ue I-sin 0, 


~sin @ 1+sin@ 


q 
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cosee A+cot A sin?A 
cosee A—cot A (1—cos A)® 


18. (1+sin A+cos 4)? =2(1+sin A)(1+cos 4). 


O+tan 0 sec 0—tan 0 
10. eee sO ipessec 10 taniga = 
u cosec 0+cot@ cosec 6—cot @ 2 (sec @ —cosec 6). 
a0 ee 


1+sin20 1+ cosec6 Fi 
a1. sin°a +cos°a , sin*a = costa _ 
/ sin a+cosa@ sin @—cos a 
_ tan @ _ sin @ 
hee sec0-1 1+cos 0 cote 
cos 9 +cos  _sin 6+ sin ¢, 
sin 0—sin d ~ cos ¢—cos 8 
94, 1+4 cosec”@ cot"O= (cosec*6 + cot*0)*. 
25. xpress 1—2%in 6 cos 0 as a perfect square. 


Fixpress 2 sec?@—sec*0—2 cosec*0+cosec*@ in 
5 D 


terms of tan 0- 
27. Prove that 


(sin a cos B+ cos a sin B)(sin a cos B - ome a sin f) 
=sin “a= =sin". 


98. Ifsin A+sin"A=1, then cos*A'+cos*d=1. 


. 29. (i) If sin 9— cos 0=0, prove that sec 0=+ /2. 


. (ii) If 7 sin? +3 cos 29=4, show that tan 0=+ ri 


(iii) If 8 sin 9+ 4 cos 0= 5, show that sin 0=$. 
salt 
< 30. Iftan 9+sec 0=2, show that sin ss at ap 
a @ sin 0- b cos 0 
31. Iftan 9-7 find the value of Taree 
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32. If1+4a27=4a sec A, prove that 
sec A+tan A=2z or 1/2. 
33. Express sin a in terms of seca, and sec 0 in terms 
of cot 4. 
84. Given sin 0=%, cos 6=1s, where 9 and ¢ are acute 
tan @-tan¢ | 


angles, find the value of Teta otan é 


35. Ifcosa+sin a= V2 cos a, prove that 
cos a—sina= J/2sina. 
aha cosec"A—sec*A 
36. Iftan A= B find aeaes2A ESE TA 
4) 37. If1+sin°A=8 sin A cos A, find tan A. 


, 38 Iftand+sin 6=m, tan 0—sin 0=n, prove that 
m? —n? =4 J mn 


89. If (a?—b*) sin 0+ 2ab cos 0=a" +0", find tan 6 and 
cosec 0, 


40. If tan 9 = S22 — C08 « 
; sin a+cos a 


/2 cos 8=sin atcos a. 
41. Given tan*@=1-e*, show that 


prove that 


3 
sec 0+tan°0 cosec 0=(2—¢7)?. 


42. Ifa and y are two unequal real quantities, show that 


i ree +4)? 
the equations (i) sin?9 = v) and (ii) cos0=a-+ = are 
xy He 


both impossible. . 


43. Eliminate 6 between 
(i) =a cos 6, y=b sin 0. 
(ii) e=c (sec 8+ tan 6), y=c (sec 0— tan 8). 
(iii) @ cos 0+b sin 6+¢=0, a’ cos 0+b' sin 0 +0 =0. 
(iy) @ tan°@+d tan 0+c=«a’' cot20+b’ cot +c’ =0. 


its 
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Examples II(A) 
Prove the following identities (Hz. 7 to 18) :— 
_tanta_ _cot®a _ 1-2 sin*a cos*a 
1+tan*a 1+cot®a sinacésa ° 


2. 


13. 


17. 


(tan 0+ cot 6+sec 6)(tan @ + cot @—sec 0) =cosec”6. 


sin 0 (1+tan 6) +cos 0 (1+ cot 6)=sec 6 + cosec 8. 
[G. U. 19385 ] 
(1+sin a—cos a)® +(1-sin a+cos a)* 
=4(1—sin a cos a). 
sin°a+sin*« cos*a—sin®a cos*a— cosa 
=sin*a—cos*a. 
3 (sin 0 +cos 0) — 2 (sin®@ + cos*6) =(sin 6+ cos 6)°. 
1 2h TEL il 


cosec @—cot@ sin®@ sin#@ ~ cosec 6+ cot 8 


cos @ ds cos ¥ cos & cos ¥ 
sing+cosy siny—cos® sine—cosy siny+cos@ 


(sin 0 + cosec 0)* + (cos 6+ sec 6)? =tan"6+ cob?6+7. 


(sec @—cos 0)(cosec’ @ — sin o)(tan 0 +cot 6)=1. 


1+(cosec # tan y)? _1+(cot # sin y)*. 
1+(cosec z tan y)? 1+(cot ¢ sin 2 


3 sec a cosec a=tan 8q+cot®a. 


sec®a cosec’a — 
® 4 =(sin A+cos A)(sin 4 — cos A) 


sin® A — cos 
x(1+sin A cos A)(1—sin 4 cos A). 


tana cot a ee 
z= Sa. 
(asctae 2q)? * G+ cot#a)? CHa 
sin20 tan 0 —cos"0 cot 0 +sec @ cosec 0=2 tan 0. 


cos A —sin*A PERE ack oc its 
sin A cos*A—cos A sin 7A 
tan?A + cot" A sin* A- cost A. 
tan2A — cot” A ~ sin? A— cos?A. 
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18. (sina cos B—cos a sin f)* 
+(cos a cos B+ sin a sin f)?=1. 
19. If cos? A—sin*A=tan’B, 
_ then cos*B—sin*B=tan* 4. - 
20. Ifsin*s+sin?x=1, then tan*e—tan*#=1. 
21. Show that tho difference between 8 sin*d— 2 sin°@ 
and 2 cos°@—8 cos*0 is the same for all values of 6. 
22, Ite=** 80%, show that + -1— 908. 
28. If tan?A4=1+2 tan?B, show that cos?B=2 cos?A. 
24, Ifsin a+cos a=1, then sina—cosa=+1. 
25. If a cos 8-5} sin 0=c, then show that 
asin 0+b cos 0=+ Ja?+b?-c*. 
26. If(1+sin a)(1+sin y)(1+sin z) 
=(1-sin 2)(1—sin y)(1-sin 2), 
prove that each is equal to + cos a cos y cos 2. 


27, Tf sin°a+y cos*a=sin a cos a, and 


@ sin a—y cos a=0, then 27+y?=1.[ C0. U. 1937] 


230 viene et Sy 


1+sin z sin y MeN Ose 


cos A= f—OS COSY 
1+sin # sin y 
29. (i) If sin a+cosee a= 2, 
then sin”a + cosec"a = 2. 2 
(ii) If see a=sec 6 sec ¥ + tan B tan ?, 
then sec B=sec ¥ sec a+tan Y tan a. 


4 st 4 + 4 
cos @ sin” cos 4 
30. Ip aa + SE = 1, then O84 4 By 
cos y sin-y cos xz sin’ a@ 


CHAPTER IIr 


TRIGONOMETRICAL RATIOS OF SOME 
STANDARD ANGLES 


44, Ratios of 30°. - 


Let the angle XOP, which may be supposed to be traced 
out by a revolving line starting from OX, be 30°. Let PN 
be drawn perpendicular upon OX from any point P on OP. 
The angle OPN is then 60°. 


Produce PN to Q, making NQ=NP. Join 0Q. The 
triangles PON and QON are easily seen to be equal in all 
respects, and so ZOQN= ZOPN=60°. Hence, the triangle 
OPQ is equilateral, and so OP =P@Q=double of PINs 


Honce, in the above figure if PN =a, then OP =2a and 
so ON= OP? =IPNa = \/4a2—a2= 3a. The sides ON 
PN, and OP are all positive in this case, since the angle 
is acute. 


Hence, 
PNG 


sin 30 =sin PON=o9p~9q 2 , 
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tan 30° Feat -5 


cot 30° r= ON - NE 


1 


cosec 30° TEs =2 
2s Senet ae 
see 80° = app V3 
15. Ratios of 45°, 
Ay 
al2 
a@ 
ie) a N xX 


Let Z2XOP=45°. PN is perpendicular on OX. In the 
right-angled triangle PON, Z PON = 45°, 


‘Therefore, ZOPN is also 45° and so ON=PN=a 
suppose, Then OP= /ON?+PN2= Ja?+a2=a/2. 


Hence, 


tan 45° = =on7 1h 


sec 45°=cosec 45°= ,/9, cot 45°=1, 
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16. Ratios of 60°. 


oO aN Q x 


Let ZXOP=60°. Now PN being perpendicular upon 
OX, along NX cut off NQ=ON. Join PQ. Then the two 
triangles OPN and QPN are easily seen to be congruent. 


' Hence, ZPQN= ZPON=60°. Thus the triangle POQ is 


equilateral, and so OP =0Q=double of ON. 
Tf ON=a, then OP =2a snd hence PN= JOP?-ON®* 


=a/3. 
in gone ws 
Then SL OP 2 


o-ON_1 
cos 60 OP 2 


o PN_ 
tan 60°= Gy 3. 


if ° oe I 
o_ +; sec 60°=2, cosec 60 =—7," 
cot 60 NE Si 3 


Note. It may be noted from the yalues of the ratios that 
sin 60°=cos 30°, cos go°=sin 30°, tan 60°=cot 30°, cot 60°=tan 80°, 
sec 60° =cosec 30°, cosec g0°=sec 30°. It will be proved more generally, 
jn the next chapter, that for any two complementary angles sine of one 
is the cosine of the other and vice versa, tangent of one is the co- 
tangent of the other, and secant of one is the cosecant of the other. 
The angle 45° being its own complement, therefore, it should have 


its sine and cosine equal to one another, as is actually seen to be 


the case. 
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17. Ratios of 90°. 


Let XOP be an acute angle very nearly 90°. PWN being 
perpendicular upon OX, ON is extreme- 
ly small, and as ZXOP approaches 
more and more to 90°, ON becomes 
smaller and smaller. The length OP 
may however remain finite, and PN and 
OP will approach each other more and 
more closely. Ultimately when Z XOP 
becomes 90°, OP and PN coincide, and 
ON becomes zero ultimately. Hence 
0 N X the ratio PN/OP becomes 1 and 
ON/OP becomes zero. 


Thus sin 90°= ee in the limit=1 


SeSese seh 
y 


OP 
cos 90° = oy in the limit =0 
tan 90°= FX in the limit= © * (infinity) 
(since ON > 0, whereas PN remains finite ) 
cot Cia oa : =0 


cosec 90°=1, sec 90°= OP/ON in the limit = »*. 


* The symbol oo in used to denote a quantity which exceeds any 
positive number, however large, and does not represent a definite 
number, 


It should be noted that in determining tan $0°, we may start with 
an angle XOP, slightly greater than 90°, (j.c., in the second quadrant), 
and make it approach 90°, Then ON will be negative and — 0, 
whereas PN is positive. Accordingly we may also write tan 90°=—©o. 
Thus strictly speaking, we should write tan 90°= + co, Similar remarks 
apply for sec 90°, cot 0°, cosec 0°. 
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18. Ratios of 0°. 
iD 


ie) Nie 


Let 7 XOP be an infinitely small positive angle, and let 
PN be perpendicular on OX. 

Then, PN is infinitely small, whereas OP is finite. Now 
if ZXOP he taken less and less and ultimately becomes 
less than any quantity we can assign, we denote it by zero, 
and in this case PWN practically vanishes, whereas OP and 
ON remaining finite, coincide. Hence, the ratio PN/OP 
becomes ultimately zero, and ON/OP becomes 1. 


Hence, sin 0° =2N in the limit =0 
cos 0°= 0% in the limit =1 
sin 0°_ 0 _ 
tan 0° cos Usa 1 0 


cot 0° = in the limit = © *, 


cosec 0°= or in the limit = °*, 


° 1 AB 
secQ = mae a 1 1k; 
Note. Note that 0° and 90° being complementary, 
sin 0°=cos 90°=0, cos 0°=sin 90°=1, etc, 
19. As the ratios of the standard angles 0°, 30°, 45°, 60° 
and 90° are very often used, they should be remembered very 


* See foot note of Art. 17. 


3 
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carefully. The first three ratios are given in the tabulated 
form below. The other three are reciprocals to these. 


angle sine cosine tangent 
0° or 0° 0 1 0 

30° or & : 4 ue 
45° or 7 a a 1 
60° or $ v8 ; 3 
90° or 5 1 0 bo 


Note. The following device may be of use in remembering the 
sines and cosines of standard angles. Tho sines of the angles 0°, 30°, 
45°, 60°, 90° are respectively the square roots of the fractions 

% 4, 3,2, 4 


and cosines of these angles are the square roots from right to left, 


20. Examples worked out. 


means ’ _1-tan*o 
Ex. 1. Jf 6=30°, verify that cos 20= 1ttan®6 


Here, cos 29=cos 60°= =: Also tan 6=tan 30°=—J5- 


N38 


1-tan*6 


Hence, cos 20 = ae tantas 
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Ex. 2. Verify that 
sin 80°=sin 60° cos 30° —cos 60° sin 30°. 


The right-hand side, on substitution of the values, 


=3.J8_11_8_ 11.3, 9° 
] Suc ya dees joa Speer 


Hence the result. 
Ex. 8. Solve for 0, where 0 is a positive acute angle, 
given cosec 0 cot 0=2 4/3. 


fs a 1_cosé 
From the given equation, aint gin One 3, 


or, cos 0=2,/3 sin*@=2,/3 (1—cos*6), 
whencé, 2/3 cos*6+cos 0-2 /3=0, 
sa -1+ J1#48_ —-1+7 
giving cos 0 ge afi JB = NEY 
Since 0 is a positive acute angle, cos @ is positive, and 
so rejecting the negative value, 


6 J/3 Si ek Wn once arte 
cos O= 4 73> 9 cos 80°. .. 6=80° ze., 6 


Examples III 
Verify the results (Ea. 1 to 6) :— 
4. 1-2sin? 30°=2 cos” 30°- 1=cos 60°, 
2 tan 30° _ 3. 


1-tan°30° 
z Ben Th bre eee ees, m nm, 
3. cos 5 COs a7sing sin 4 —S8in {COS & + cos 4506 


tan At+tan B 5 
4, (i) tan (A+B)=7 400d tan B 


(ii) cos A=cos*B- sin?B, where 4=60°, B=30°. 
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sin 34=3sin A—4sin°d, where A mie 


cosec” 45°sec? 30°(sin*30° + 4 cot?45° — sec” 60°) =4. 
19 a a 
If tan* mn —cos* 5 =csin 4008 q ean 3 find x. 


If 6 be a positive acute angle, find 6, when 
(i) 2 sin*@=8 cos 0. 
(ii) tan 6+ cot 0=2. 
(iii) cosec?6+5=8 ./3 cot 0. 
(ivy) sin @+cos 0= ./2. 
(v) 2 (cos — sin?0)=1. 
(vi) 6 sin?@-11 sin 0+4=0. é 
(vii) sin@—cos@_1- /3. 


sin@+cos@ 1+ RES 


Given 6 and $ to be positive acute angles, and 


tan (6+ ¢)= ./3, tan (9-4) =1, determine 0 and ¢. 


10, 


11. 


12. 


Find a and f (a and 8 being positive acute angles), if 
sin (2a — 8)=1, 
and cos (a +f) =}. 


Find A, B, C (A, B, C being positive acute angles), if 
sin (B+C-A)=1, 
cos(0+A-B)=1, 
and tan(A+B-C)= 
Find the numerical values of :— 
(i) cot* & — 2 cos? a 3 seo ® — — 4 sec ae 


(ii) 8 fan? 45°- sin? 60° —4 cot? 30°+4% sec? 45°. 


CHAPTER IV 


TRIGONOMETRICAL RATIOS OF ANGLES ASSOCIATED 
WITH A GIVEN ANGLE @ 


21. Ratios of the angle (—@) in terms of those of 0, 
0 having any magnitude. 


O- 


5 

i} 

I 

P ly! 
Fig. (iii) 


Fig. (iv) 


Let the ZXOP be 8 and the ZX0OQ described clock- 
wisely be —9. From any point P on OP draw PN per- 
pendicular to OX [or OX’ as in Figs. (ii) and (iii) J, and 


produce it to meet O@ at @ say. 
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Now, 7 XOP (measured anti-clockwisely) being equal to 
ZX0Q (measured clockwisely), 7 PON= ZQON in magni- 
tude in all the figures, and therefore, the two rt.-angled 
triangles PON and QON are congruent. The corresponding 
sides are therefore equal in magnitude. Considering the 
signs of these sides according to the usual convention, we 
get in all the figures, 


QN=-— PN, and 0Q=OP 
(both OP and O@ being always considered positive, ) 


Hence, from definition, 


iMG eee 
sin (-@) 0Q~ op —7~sin@ 
BON -=ONS 
cos ( = og Op = Cos @ 
— Gn el 
tan (-@) ON ON tan @ 


and the reciprocals of these give, 
cosec (— 8) = ~cosec 0, 
sec (—6)=sec 8, 
cot (—6)= —cot 0, 
22, Ratios of (90°- 6). 


Let the 7 XOP traced out by a revolving line be 6, and 
Jeb another revolving line, starting from OX trace out the 
angle XOY=90° and then revolve back, tracing out ZY0Q 
=6 in the clockwise direction, so that ZX0Q=90° -0. 


Take two equal lengths OP and OQ along OP and 0g. 
respectively, and draw PN and @M perpendiculars on OX. 


‘ If op be in. the first or third quadrant as in Fig. (i) and 
Fig. (iii), OQ also lies in the same quadrant. If OP lies in 
the second quadrant as in Fig. (ii), OQ lies in the fourth 
quadrant; and if OP lies in the fourth, OQ lies in the 
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second, as in Fig. (iv). Now, ZXOP bei 
ZYOQ in magnitude, 7 PON= Z OQ, and ante Baon 


0 


Ome 
Fig. (iii) 


Fig. (iv) 


triangles PON, OQM are congruent. 
The corresponding sides are therefore equal in magnitude. 
Considering signs 2S well, we get in all the figures, 
Qu= ON, OM= PN, 0Q=OP. 
Hence from definition, } 
P ° . iM _ ON 
sin (90° - 6) =sin 2x00-% = ou COLT) 


cos (90° -6)= Gat aan sin 6 


the two rt.-angled 


Ss) Oa 
tan (90° - 9) = G7 PN cot 6 
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The reciprocals of these are 
cosec (90°—6)=sec 6, 
sec (90° — 6) =cosec 0, 
cot (90° —6)=tan 0: 


Obs. The angles (90° —é) is the complement of 0, and we deriva the 
result that for a pair of complementary angles sine of one is the cosine 
of the other and vice versa, tangent of one is the cotangent of the 
other and secant of one is the cosecant of the other. This was verified 
in the last chapter in connection with the complementary pairs 30° 
and 60°, as also 0° and 90°. 


23. Ratios of (90°+6). 


| 
1 
1 
1 
' 
1 


y! 
Fig. (iii) 


Fig. (iv) 
Let a revolving line, starting from OX, trace out an 


ZXOP=6, and furth t RO. 
ZX0Q=90° 19, ne face out an 2 POQ=90", so that. 
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Gut off OP=O0Q along OP and OQ respectively and 
les PN, QM be perpendiculars on OX (produced where 
necessary). 


Now, O@ being perpendicular to OP, the Z PON =the 
complement of ZQOM= ZOQM in magnitude, and since 
OP =04Q, the two right-angled triangles OPN and OQ are 
congruent. The corresponding sides are therefore equal. 
Considering signs as well, we get, for all the figures, 


QMu=ON, OM= - PN, 0Q=OP. 
Hence, from definition, 
sin (90°+6)=sin Z XOQ= ie ON = cos 6 


cos (90°+6) = ia, OD -sin@ 
nip ya ONE 
tan (90°+6) = G57" — py cot 6 
and considering their reciprocals, 
cosec (90° + 6) =sec 9, 
sec (90° +6) = — cosec 6, 
cot (90° + 6)= — fan 9. 


24, Ratios of (180° - 6). 


Fig. (ii) 
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Let 2 XOP=6 be traced out by a revolving line, and 
let another revolving line, starting from OX, trace out 
an angle 180° coming up to OX’ and then revolve back 
and describe an angle X’0Q=8, so that 7 XOQ=180°-09. 


Two figures are given here, one with OP in the first 
‘quadrant and another with OP in the third quadrant. The 
two other figures may easily be drawn by the students. 


Now cut off OP=0Q, and draw PN and QI perpendi- 
culars on OX (or OX’ as the case may be). Then / PON 
= £QOM in magnitude, and OP=0Q. Hence, the right- 
angled triangles PON and QOM are congruent, and so have 
their corresponding sides equal in magnitude. Taking into 
consideration the signs, we get for all the figures, 


QM= PN, OM= - ON, OQ=OP. 
Hence, for all values of 6 
i °_ 9) =; = QU _PN_ 
sin (180°- 6)=sin XOQ 0Q ~ OP sin @ 


cos (180° - 9) = ou ee -cos@ 


tan (180° — 6) = ou aN os 
Sate ls 


and so taking reciprocals, 
cosec (180° — 6) =cosec 9, 
sec (180° —6) = —sec 0, 
cot (180°- 6) = —cot 9, 


The first two formule may be expressed in the form “ 
of supplementary angles are equal, and cosines 
are equal in magnitude but opposite in sign.” 


Note. : 
fe sines 


of supplementary angles 


25. Ratios of (180°+). 


Let a revolving line startin 
angle XOP =9, and furthe 
so that 2 X0Q=180°+0. 


§ from OX, trace out an 
r trace out an angle POQ=180°, 
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OP and O@ ave then in one straight line. 


Fig. (ii) 


Fig. (i) 


Cut off OP=O0Q, and draw PN and QM perpendiculars 
on XOX’. 


Two figures are given 
fourth quadrants, and th 
drawn. 


here with OP in the first and 
e@ other two may be similarly 


Now, POQ being ® straight line in this case, 7 POQ 
=/Q0M in magnitude. Also, OP=0Q. Hence, the right- 
angled triangles PON and QOM are congruent’and have their 


corresponding sides equal in magnitude. Considering signs, 


we get in all cases, ‘ 
Qu= — PN, OM=—- ON, 0Q=OP. 


Thus, for all values of 8, 


F Py al PND : 
sin (180°+6)=sin X0Q= ae eis = () 
3 om _-ON_— 
cos (180 +9=59 = “OP cos 8 yy 
ee Ne oN 
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and £0, 
cosec (180° + 6) = —cosec 0, 
sec (180° + 6) = —sec 0, 
cot (180° + 0)=cot 0. 


26. Ratios of (270° —6). 


<4O 


1 
y" 
Fig. (ii) 


Let 2 XOP =6 be traced out by a revolving line, and let. 
another revolving line trace out an angle XOY’=270°, there- 
by coming up to the position OY’, and then revolve back,, 
tracing out an angle Y’0Q=6, so that Z XOQ=270° - 6. 


Two figures are given here with OP in the first and third 
quadrants. The other two may be drawn similarly. 

Cut off OP=0Q and draw PN, QM perpendiculars on 
XOX’, 

Since 7 XOP=/ Y'0Q in magnitude, we easily derive 
that Z PON= Z0QM in magnitude. Also OP = OQ. Hence, 
the two right-angled triangles OPN and OQ are congruent. 
Considering signs, we get for all the figures, 

QM= — ON, OM= - PN, 0Q=OP. 
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Hence, for all values of 8, 
sin (270° — 6) =si xXx0Qg= = =— 
Bo) sue 02-097 OP 
op) = OMe SEN 
cos (270° - 6) 0Q@~ OP 
-ON 
ON _ cot 0; 


tan (270°-6)= 94 = — py ~ PN 


=-sin 0 


and thus, 
cosec (270° — 6) = — see 9, 


sec (270° — 6) = — cosec 9, 
cot (270° — 6) = tan 9. 
27. Ratios of (270°+6) 
We may proceed geometrica 
‘Otherwise we may proceed as follows : 


lly as in the previous cases. 


sin (270° + 6) =sin (180° + 90° +0) = — sin (90° + 6) [from § 25 
=-cos 0 E ore [ from § 23 
=cos (180° + 90° + 9) = —cos (90° + 8) 
=—(-sin 0)=sin 6 


a) cae is 
sin (270° +4) _ = 008°. _ got 0; 


tan (270° +9) = cos (270° +6) += sin 8 


cos (270° +9) 


and hence, 
cosec (270° + 9)=—sec 4, 


sec (270° + 6)=cosec 4, 


cot (270° + 6) = — tan 9. 
Note. The ratios of 1g0°—0, 180°+ 9 a70°—@ can be similarly 
deduced from. the formule for ratios of 90° 8. 
—6), (360°+ 6) and (n. 360° + 6). 


28. Ratios of (360° 
n Art. 2, Chapter I, that 


It has already been remarked in At 
ich differ by complete multiples of 360°, 7.e., by 
an exact number of complete revolutions, have the final 
positions of the revolving lines coincident, if the initial lines 
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are the same. Hence, all the trigonometrical ratios of two. 
such angles must be identical in magnitude as wellas in sign. 


Thus, trigonometrical ratios of 860° —@ must be same as 
those of —@. Hence, 
sin (360° — 6) =sin (—0)= —sin @ 
cos (360° — 6) =cos (—6)=cos 0 
tan (360°+ 6) =tan (—6) = —tan 8, etc. 


Trigonometrical ratios of 360°+0, or of 360°xn+98,. 
where is an integer, positive or negative, must similarly 
be same as those of 9, or of +0. 


Thus, in determining trigonometrical ratios of angles, 
complete multiples of 360° (i.e, 2x) may be always added 
or subtracted. - 


29. All the above results may, for easy remembrance, 
be summed up in a simple rule. 

If @ be associated with an even multiple of 90° by + or — sign, 
(e.g., 180° — 8, 180° + 8, 360° — 6, 360° + 8, etc.) the ratio is not 
altered in form (#.e., side remains sine, cosine remains 
cosine, etc.). To determine the sign, assuming @ to be 
acute, find out the quadrant in which the associated angle 
lies, and determine the sign according to the rule “all, sin, 
tan, cos”. 

If 6 be associated with an odd multiple of 90° by + or — sign, 
(c.g., 90° — 0, 90° + 6, 270° — 8, 270° + 8, etc.) the ratio is altered 
(sine becomes cosine, cosine becomes sine, tangent becomes 
cotangent, etc.), Moreover, the sign of the result is deter- 
mined as in the previous paragraph. 

Example. Consider formule for tan (270°-0) and 
sec (180° + 6). 

270° — 6 =3.90° — 6 (multiple of 90° is odd). 
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Hence, the ratio will be altered, tan changing into cot. 
Moreover, 6 being assumed acute (whether it actually is 
so or not, it does not matter), 270°—@ falls in the third 
quadrant, where tan is positive. 

Hence, tan (270° — @) = +cot 6. 


180° +6 has got @ associated with even multiple of 90°. 
Hence, the ratio does not alter in form, sec remaining sec, 
Also, 180°+6 falls in the third quadrant, if @ be assumed 
acute, where sec (by the rule “all, sin tan, cos”) is negative. — 

Hence, sec (180° + 6)= —sec 0. 

N. B, The angle ‘—@’ may be written as 0.360°—6, and 0 may 
be considered even in applying the above rule, 

Thus, 6 being supposed acute, —@ falls in the fourth quadrant, 
where cos and sec only are positive. The form of the ratio not changing 
in this case, sin (—4)=—sin 8, cos (—@)= +cos 8, ete. 


30. Special angles (outside the first quadrant). 
In Art. 24, putting 9=60°, 45°, 30° and 0° respectively 
sve can deduce the following results : 
sin 120°=sin oor= 8 3 eos 120°= —cos 60°=— + 


F ieee ate ee Si 
sin 135°=sin 45°= ye} cos 135°= —cos 45°= Fla 


Lis fe ae v3 
sin 150°=sin 30°=— + cos 150°=—cos 30°= — “=. 


sin 180°=sin 0°=0; cos 180°= —cos 0°= —1, 


And similarly from Art. 27 and 28, putting @=0, 
cos 270°=sin 0°=0; 


cos 360°=cos 0°=1, 


sin 270°= —cos 0°=—1; 

sin 360°=sin 0°=0; 
From the above, we get, 

tan 180°=0; tan 270°= +00 ; tan 860°=0, 


48 ‘ INTERMEDIATE TRIGONOMETRY 


Examples worked out. 
Ex.1. Find the value of cot (—1575°). } 


cot (—1575°)= — cot (1575°) = — cot (4 x 360° + 135° 
= —cot (185°) =—cot (180° — 45°) 


=cot 45°=1. 
Ex. 2. Find the value of cot 6 —tan 0, where 0= ua, 
pie 62- ar and omitting complete multiples of 360° 


t.e., of 2a, whereby trigonometrical ratios are not altered, 
~we get, 


11a _ 2 Saaee = c= ee 
cot ™4* = cot ( - 3) cots cot 60 3 
: Lin _ SSNS eee Sates 
tan 3 = tan ( 5 tans tan 60 v8. 
cot 0-tan 0= — ig jee 6, 


Ex. 3. Prove that 
sin (420°) cos (390°) + cos (— 300°) sin (— 330°) =1. 
Ly H. side =sin (360° + 60°) cos (360° + 30°) 
+ cos (— 360° + 60°) sin (— 360° + 80°) 
=sin 60° cos 30°+ cos 60° sin 30° 
I} YB) ie ae 8) 
REA os at. 
gg egg eat oa 
Ex. 4, Express cot (—1858°) in terms of the ratio of 
“@ positive angle less than 45°, 
cot (~1358°) =cot (— 8 x 360° + 82°) 
=cot 82° =cot (90° — 8°) 
=tan 8°. 
Note. Ratios of angles of any magnitude and sign can always be 
expressed in terms of a ratio of a positive angle less than 45°. 
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Ex. 5. Express ; 
cos (90° + 8) sec (—6) tan (180° — 6) 


sec (360° + 6) sin (18U° + 8) cot (90° 6) in its simplest 


form. 
The given expression 


| =~ Sin 0. sec 6. (— tan 0) 
sec 0. (—sin 0). tan 0 
=-] \ 


Examples IV 


1. Write down the values of sin 150°, cot 840°, 
eosec (— 660°) and tan (—1125°), 


2. ind the values of sin ( = Ua), cosec (<2); 


tan (® ur z) and cos ('2- 79"). 


3. Hyaluate sin( = 1230") — cos { (2n + 1) + a, where 
| a is a negative integer. 


4, Find the value of sin fna+(-a"Z > where x is 


any integer. 
5. Find all the values of 


a . 
(i) tom {7 H(- 1)" \; 
(ii) cosec {me +(-1)" - }; 
svhere 7 is any integer. 


6. Show that cos (oma: al and tan (ma+ 2) have 
cone yalue each for all integral values of m. 


4 
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7. Prove that, » being any integer 
(i) cos (nx +a)=(-1)" cos a. 
(ii) tan (nz - a)= —tan a. 
8. Prove that 
(i) cos @= —cos (@— 180°). 
(ii) tan @ = — cot (0 — 32). 
9. Prove that 
(i) sin (780°) cos (390°) — sin (330°) cos (- 300°)=1. 
(ii) cos 306° + cos 234° +cos 162° + cos 18°=0, 
(iii) sin 250° + tan 290° 


= 1 


cot 200° + cos 340° 
10. Simplify 
Sint(e+6) | tan (n= 6). sec*(a— — 6) 

cos*(tx+6) cosec®@ sin (a—0) 

and determine its value when 0 = 225°. 
11. Prove that 
sin (42+ 0) cos (x— 6) cot ($2+0) 
=sin (42-0) sin ($2 — 0) cot (42 + 0). 


12. Evaluate 
ait? Sp eae. Sie lear 
(i) sin 47 sin at sin® 47 sin ii 


ae LS 3a 5x re 9x \ 
(ii) cot 99 cof oq cob 90 °8 op cot 20° 


(ii) sin 2 +sin (+a) +sin cen to n terms. 


13. If tan 0=+% and cos 6 is negative, find the value of 
sin @+cos (—6) 


sec(—6)+tan 0 


14, An angle 6 lies between 180° and 270° 


= » and cosec @ 
=-—4%. Find cot 6, 
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15. Express in terms of ratios of positive angles less 
than 45° : 


(i) cot (— 1054°). (ii) sin (1145°). ; 
(iii) sec (— 1491°). (iv) cos 302. 


16. Find the value of 0, when 
(i) tan 0= — ./3 and @ lies between 270° and 360°. 
(ii) cos 0= —4, and 450° < 0 < 540°. ; 
17. Solve for 6, giving all the possible values, when 
0°< 6 < 360°; 
(i) cos 0+ ./3 sin 0=2. { C. U. 1936 J 
(ii) 2sin°¢+8 cos 8=0. 
(iii) 8 (sec?0 + tan*6) =5. 
(iv) cot @+tan 0=2 sec 0. 
(vy) 1-2 sin 6-2 cos 6 +cot 0=0. 
18. If A, B, C be angles of a triangle, show that 
sin (4 + B)—cos C=cos (A+B) +sin C. 
19. If A, B, C be angles of a triangle, show that 


_tan (B+0)+tan (C+ A) +tan (A+ B)_ 
tan (2 — A) + tan (2% —- B) + tan (32 — C) 


20. If A, B, 0, D be the angles of a quadrilateral, 
show that 


1, 


dos 4(A+C)+cos (B+ D)=0, 
If the quadrilateral be cyclic then 
cos A+cos B+cos C+cos D=0. 


CHAPTER V 


SIMPLE PRACTICAL APPLICATIONS OF 
TRIGONOMETRY 


( Heights and Distances ) 


% “31. One of the most important applications of Tri- 
gonometry is in the determination of heights and distances 
of distant objects which are not directly measurable, by 
observations of angles subtended by those objects at the eye 
of the observer. These angles may be measured by instru- 
ments knows as Sextants or Theodolites or by other angle- 
measuring instruments, Thus, Trigonometry plays a very 
importnat part in land survey. This also extensively used 
by Astronomers in determining the distances of the heavenly 
bodies like the sun, moon and stars. 


Two angles are very often used in the practical applica- 
tions of Trigonometry, and they defined as follows :— 


Q 


Ifa horizontal line OX be dr 
an observer, the angle which the 
above OX makes with OX is calle 
or altitude of P as seen from QO, 


awn through O, the eye of 
line joining Oto a point P 
d the Angle of Elevation 
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If Q be below the horizontal line OX, the angle XOQ 
measured below OX is called the Angle of Depression of Q 
as seen from O. 


32. Illustrative Examples. 

Ex. 1. From a distance of 40 feet from the foot “Of 
a palm tree in @ horizontal field, the angle of elevation of 
the top of the tree is observed to be 60°. Find the height of 
the tree. 


xX 
° 40 f6. ON 

Let h ft. be the height of the tree PN, and Z NOP, the 
angle of elevation of P as seen from O, where ON =40 ft., 
is 60°. 

Then, £ =tan PON=tan 60°= ./8; 

“. h=40,/8 ft.=69°28...... ft. 

Ex. 2. From one bank of @ river, the top of a building 
just on the opposite bank is observed to have an elevation of 
45°. On receding 50 ft. from the bank, perpendicular to its 
edge, the angle of elevation becomes 80°. Find the breadth 
of the river, and the height of the building. 
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AQ being the breadth of the river, PQ the height 
of the building, ZPAQ=45°. Also, AB being 50 ft., 
ZPBQ=30°. 


a B 50 ft. A Q 


.?» Now, 2g cot 80°, ae =cot 45°. 


arom EE . AB ° zo 
Hence, subtracting, Bom 30°-cot 45°, 


or, PQ” /3 1D 
: 50 50(./3 +1) P 
ve PQ= ae, = SWB FD _ oa'9 tt nearly, 


Also, oi = cot 45°=1; “. AQ=PQ=68'3 tt, 
Thus, the breadth of the river and the height of the 
building are both 68'3 ft. nearly, 


Ex. 3. The angles of depression aud elevation of the top 
of a tower 50 ft. high from the top and bottom of a second 
tower are 60° and 20° respectively. Find the height of the 
second tower to the nearest foot. [ Given cot 20°=9'747, ] 

PQ is the second tower, and ZXP4=60°, ZBQA=20°, 
AB=50 ft., AC is parallel to BQ or PX, so that ZPACG 
=the alternate angle XP4=60°, 
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Now, GF = cot 90°; ... QB=AB cot 20°. 


Also, FO = tan PAC=tan 60° ; 


~.  PC=CA tan 60°=QB tan 60° 
= AB cot 20° tan 60°, 


t+ We, 
Library 


¢ 
2 
ioe 


ward a 
Calcutta > 


2. YO 


_ +. height PQ=PC+CQ=PC+AB 


= AB (cot 20° tan 60° + 1) 
=50 (2°747x /3 +1) 
=987'8... ft. =288 ft. nearly. 
Ex. 4. The elevation of a hill from a place P due .Hast 


of it is 45°, and at a place Q due South of P, the elevation 
és 80°. If the distance PQ be 400 yds., find the height of 
the hill. 


A is the top of the hill, B is the point vertically below it 


onthe ground. BP is due Hast, PQ is due South, so that 
BPQisaright angle. Also ABP and ABQ are both right 


angles. 


Now, Be =cot AQB=cot 30°= 1/3, 


ara a =cot APB=cot 45°=1. 
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Hence, BQ= AB /3, BP=AB, 


A 
Pp 
BES \ 1 
Pe m-) KY I 
20°’, 1400 yas. 

Soa I) 

Qy 

Q 


and PQ? = BQ? - BP* = AB? (3-1)=94B". 
Apa? =F. J9=900 /2=988 yas, nearly. 


Examples V 


1. From the top of a tower by the seaside, 100 feet 
high, it was observed that the angle of depression of the 
bottom of a ship at anchor was 30°, Find the distance of 
the ship from the bottom of the tower. 


2. Two straight roads, which cross one another, meet 
a river with straight course at angles 60° and 30° respec- 
tively. If it be 3 miles by the longer of the two reads, from 
the crossing to the river, how far is it by the shorter ? If 
there be a foot-path which goes the shortest way from the 
crossing to the river, what is the distance by it ? 


3. Two poles are of equal height ; 


& person standing 
midway between the line joining their 


bases observes the 
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elevation of the poles to be 30°. After walking 40 feet 
towards one of them, he observes that the same pole now 
subtends an angle of 60°. Find their height and the 
distance between them. 7 


4. Astraight palm tree 60 feet high, is broken by the 
wind but not completely separated, and its upper part meets 
the ground at an angle of 30°. Find the distance of the 
point where the top of the tree meets the ground, from the 
root, and also the height at which the tree is broken. 


5. Two posts are 120 ft. apart, and the height of one 
is double that of the other. From the middle point of the 
line joining their feet, an observer finds the angular eleva- 
tions of their tops to be complementary. Find the height 
of the shorter post. 


6. The Bally bridge subtends an angle of 45° at a given 
point at the edge of the river; 800 yds. higher up, it 
subtends an angle of 30°. The course of the river here is 
straight and perpendicular to the bridge. Find the length 


of the bridge. 


7. The height of a house subtends a right angle at 
an opposite window, the top being 60° above a horizontal 
straight line through the window ; find the height of the 
house, taking the breadth of the street to be 30 feet. 


8. From an aeroplane vertically over a straight road, 
tho angles of depression of two consecutive milestones 
are observed to be 45° and 60°; find the height of the 
aeroplane. 

9. From aship sailing due South-Hast at the rate of 
5 miles an hour, a light-house is observed to be 30° North 


of Bast, and after 4 hours, it is seon due North ; find the 
distance of the light-house from the final position of the 


ship. 

410. The shadow of a tower standing on a level plane is 
found to be 40 feet longer when the sun’s altitude is 45 
than when it is 60°. Find the height of the tower. 
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11. From the lower window of a house the angular 
elevation of a church-steeple is found to he 45° and from 
a window 20 feet above, the elevation is 30°. How far is 
the church from the house ? 


12. A light-house facing Hast sends out a fan-shaped 
beam of light extending from §. BE. to N. EB. An observer 
sailing due North, after meeting the light continues to see 
it for 10 ./2 minutes. When leaving the fan of light, the 


ship is 10 miles from the light-house. Find the speed of 
the ship, 


13. A pole 100 ft. high stands vertically at the centre 
of a horizontal equilateral triangle, each side of which 


subtends an angle of 60° at the top of the pole. Find the 
side of the triangle. 


14. Two chimneys are of equal height. A person stand- 
ing between them in the line joining their bases observes 
the elevation of the nearer one to be 60°. After walking 
80 feet in a direction at tight angles to the line joining 
their bases, he observes the elevations of the two to be 45° 


and 80° respectively. Hind the height and the distance 
between them. z 


15. At the foot of a mountain the elevation of its 
summit is 45°; after ascending 1 mile towards the moun- 
tain up an incline of 30°, the elevation changes to 60°, 
Find the height of the mountain. 


16. From a station, two light-houses A and B are seen 
in directions North and 30° East of North respectively ; 
if A were one-third as far off as if really is, it would appear 
due West of B. If the distance of B from the station be 
10 miles, find the distance of B from A. 


17. A person walking along a stra 
a tall tree Standing in front of a tower, 


; On advancing 100 feet 
he finds the tower and the tree fo have the same elevation 


60° ; supposing the height of the eye of the man to be 
4 feet, find the height of the tower and of the tree, 
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18. A manon the top of a rock rising on a seashore, 


observes a boat coming towards it at an angle of depression 


30° ; 10 minutes. later the angle of depression is 60°. The 
height of the rock being 4000 feet, find the speed of the 
boat in miles per hour. 


19. A person walking along a straight level road observes 
the elevation of the top of a hill to be 60° when he is nearest 
the hill, and after walking 200 yards in a direction perpen- 


_ dicular to the direction of the hill from this point, observes 


the elevation to be 30°. Find the approximate height of 


the hill. 


20. A square tower stands on a horizontal plane. From 
@ point in this plane, only three of its upper corners are 
visible, and their angles of elevation are 45°, 60°, 45°. Find 
the ratio of the height of the tower to its breadth. 


21. Two wheels, the sum of whose radii is 10 feet, are 
placed flatly on a table with their centres at a distance of 
20 ft. An endless string, quite stretched, is partly wrapped 
round the wheels and crosses itself between them. Show 
that the length of the string is nearly 76°5 feet. 


22. On astill day, from a station A an airship is observed 
due north at an elevation of 60°, while from a station B it 
is observed due east at an elevation of 45°. At this instant 
‘of observation, a parachute message is dropped from the 
airship, and the observer at A has to walk a mile to reach 
the message, Find the distance between the two stations. 


23. From the foot of a column the angle of elevation 
of the top of a tower is 45° and from the top of the column 
the angle of depression of the bottom of the tower is 30°. 
A man walks 10 ft. from the bottom of the column towards 
the tower and notices the angle of the elevation of its top 
to be 60°. Find the height of the column. 


CHAPTER VI 
COMPOUND ANGLES , 


33. To prove that 
sin (A+B)=sin A cos B+ cos Asin B 
cos (A+B)=cos A cos B-—sin A sin B. 
when 4 and B are positive and acute and (4 +B) < 90°, 


Z 


is 
iN x 
wl 
Let a revolving line starting from the position OX trace 
out an angle XOY=4 and then revolving further, trace out 
an angle YOZ=B; then ZLXOZ=A+B, 


In OZ, the bounding line of the compound angle A+B, 
take any point P and draw PQ and PR Perpendicular to OX 
and OY respectively ; also draw RS and RT perpendicular 
to OX and PQ respectively, : 


From the right-angled APOQ, 
- a ; 
sotnn- $3902? neon. ag, pa 
-RSOR, Pr pr 
OR OP” PROP 
=sin A cos B+ cos TPR. sin B. 
Now, 2TPR=90° — ZTRP=/TRO= ZROS=4, 
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*, sin (4+B)=sin A cos B+cos A sin B. 
Again, 
= 9Q_OS-QS_OS-TR_OS_TR 
OE BO DS oie vais OP ~OP OP 
_ 0S OR_ TR PR 
OROP Pk OP 
=cos A cos B-sin TPR.sin B 
=cos A cos B-sin A sin B, 
34. To prove that 
sin (A-B)=sin A cos B-cos A sin B 
cos(A-B)=cos A cos B+sin A sin B, 
when A and B are positive and acute, and A > B. 


° Sin OunnEx 


Let a revolving line starf from the position OX and 


‘trace out an angle XOY=A and then revolving back trace 


out an angle YOZ=B; then ZXOZ=A-B, 


In OZ, the bounding line of the compound angle A— B, 
take any point P, and draw PQ and PR perpendicular to 
OX and OY respectively ; and draw RS and RT perpendi- 
cular to OX and QP produced respectively. 


From the right-angled A POQ, 


in(A—- pene = LO= PT _RS-PT_RS_ PT 
ain(4-B)=65- “op OP OP OP 
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RS OR pr PR 
“OR OP” PROP 
. =sin A cos B—cos TPR. sin B. 
But ZTPR=90°- /TRP= ZYRT= ZYOX=A. 
sin (4-B)=sin 4 cos B—cos A sin B. 
Again, 
+5 S+RT_OS,RT 
GAC ear Sarr ara OP oP 
_ OS OR, RI RP 
OR OP RP OP 
=cos A cos Btsin TPR.sin B 
=cos A cos B+sin A sin B. 

Obs. In the above Geometrical proofs, it is assumed that the 
angles A, B, 4+B are all less than a right angle and that A-Bis 
positive. If the angles are not so restricted, the same method of proof 
(there being some modifications in the figures) will apply, due atten- 
tion being paid to the signs of the quantities involved." 

Thus, 


the above formuia are perfectly general. 


Note 1. The sum or difference of two or more angles is called 
a Compound angle; such as A+B, A-B, A+B+C ete, 


The expansions sin (A+B) and cos (A+B) aro generally called the 
dition formule or Addition and Subtraction Theorems”, 

Note 2. Assuming the truth of the al 
angles, they can be shown to be trn 
as follows : 


“Ad 


bove formule for acute 
e for angles of any magnitude, 


Let us consider sin (A+B). 
Let 4 and B be acute and A+B < 90°. 
Let 4,=90°+ 4 ;B,=B. 
Now, sin (4,+B,)=sin {(90°+ A)+B}=sin {90°+-(4+3B)} 
=cos (A+ B)=cos A cos B—sin 4 sin B [by Art. 83} 
sin (90°+ A) cos B-+cos (90°+ 4) sin B 
=sin 4, cos B,+cos A, sin B,. 


*See Appendia, Arts, a4, 
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Again, let 4.=—A, B,=B. 

Then, sin (4.+B.,)=sin (-A+B)=- sin (A4—B) 
=-—sin A cos B+cos A sin B, [by Art. 84], 
=sin (— A) cos B+cos (— A) sin B 
=sin A, cos B,+cos A, sin By. 


Thus, the above formul@ remain true if any of the two angles is 
either increased by 90°, or has its sign changed. 
In the same way it may be shown that the other three formule 
" for cos (A+B), sin (4—B) and cos (A—B) will continue to hold good! 
unchanged in form, if any of the two angles be either increased by 90°" 
or has its sign changed. 


Now starting from positive acute-angled values of A and B, com- 
bining the two processes of increasing one of the angles by 90°, and 
reversing the sign of any one, we can arrive at values of A and B of 
any magnitude, positive, or negative, and the four formule will still 


hold good. 
Thus the formule for sin (A+B) and cos(4+B) are perfectly 


general. 


35. Ex.1. Jind the values of 
1 ‘ sin 75°, cos 75°, sin 15° and cos 15°. 
sin 75°=sin (45° + 30°)=sin 45° cos 80° + cos 45° sin-80° 
ws eT 
\ Ta oh Rey eB 
cos 75° = cos (45° + 30°) = cos 45° cos 30° —sin 45° sin 30° 


sin 15°=sin (45°- 30°) =sin 45° cos 30° — cos 45° sin 80° 
5° = cos (45° — 30°) = cos 45° cos 30° + sin 45° sin 30° 


d cos 1 : 
i ubstituting the values of sin 45°, cos 45°, ete. 


therefore, § 
as before, we get 
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aS and cos 15°= ae 
Note. The values:of sin 15° and cos 15° can also be deduced from 
the fact that 
sin 15°=sin (90°—75°)=cos 75° 


and cos 15°=cos (90°—75°)=sin 75°, 


sin 15°= 


Ex. 2. Show that 
(i) sin (A+B) sin (A-B)=sin2A - sin2B 
=cos*B -cos?A, 
(ii) cos (A+B) cos (A-B)=cos2A —sin2B 
=cos*B -sin?A. 
(i) Left side 
=(sin A cos B+ cos A sin BYsin A cos B-cos Asin B) 
=sin*4 cos*B-cos?4 sin?B 
=sin"A (1—sin®B)-(1—sin24) sin?B 
=sin*4-sin®B 
=(1-cos?4) —(1- cos*B) = cos*B-cos?A, 
(ii) Left side 
=(cos A cos B—sin A sin B)(cos A cos B+sin A sin B) 
=cos"A cos*B-sin?d sin2B 
=cos*d (1-sin?B) -(1- cos*4) sin? B 
=cos*A —sin*B 
=(1-sin? 4) -(1-cos?B) = cos*B-sin?4, 
Note. The results of Ex. 1 and Ex, 2 are very useful and should 
be carefully remembered. 
36. To prove that 


‘ tan A+tan B 
OS) iotan Ate 
(ii) ta —~p)— tan A-tanB . 

n(A-B) 1+tan A tan B 
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We have 
sin(4+B)_sin A cos B+cos Asin B 
tan (4+B) = os(A+B)~ cos A cos B—sin A sin B 
Now, dividing the numerator and denominator by 
cos A cos B, we have 
sin A cos B , cos A sin B 
_cosAcosB cos A cosB 
tan (4 +B) cos AcosB_ sin A sin B 
cos A cosB cosAcosB 
=n Attan B 
—tan A tan B 


Again, : i" 
(4-3) = (4—B) _sin A cos B-cos A sin B 
tan (4 cos(A-B) cos AcosB+sin Asin B 


Now, dividing the numerator and denominator by 


cos A cos B, we haye, as before, 
_ tan A+tan B 
tan (A-B) =F tan A ton B 


87. To prove that 
cot A cot B-1 


(i) cot (A+B) = "cor B-+reot A 
cot A cot B+1 
(ii) cot (A~B) cot B= cot A 
008 (A+B) _cos A cos B-sin A sin B 
cot (At3B) 5/4 -R) © sin Avoca Boon) sin B 
Now, dividing the numerator and denominator by 


gin A sin B, we have, 
cos A cos B_ sin A sinB 


sin Asin B_ sin A sinB 
cot (4+B)= oa Acos B, cos A sin B 
sin Asin B sin A sinB 
_cot A cot B-1 
~ cot B+cot A 
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“ cos (A—B) _cos A cos B+sin A sin B, 
cot (4 2) int (A-B) sin A cos B—cos Asin B 


Now, dividing the numerator and denominator by 
sin A sin B, we have, as before, 
_cot A cot B+1, 
cot (4—B)= cot B-cot A 


38. Ex. 1. Find the values of tan 75° and tan 15° 


_tan 45° +tan 380° 


tan 75°=tan (45° + 30°)= 1—tan 45° tan 30° 


jig =5 
SEE --841 _(J/3+1)(/3 +1) 
> ae 3-1 
VB 
=$+2V8 94 Js, 


tan 45° —tan 30° 


ea Dita, (45° ~ 80 Ne tan 45° tan 30° 


qa 
BeEW3e 8 =i (/8= 1 V3-1) 


1 V8+1" (/38 +1), /3-1) 
Ue 
= £239 _ Ja, 
' Ex. 2. Show that 
pain. 
(i) tan (45° + 4)= meg: 
1-tan A. 
(i) tan (45°— 4) = 1+tan A 


tan 45° tan.d1—tan A 
(ii) This result follows similarly, 


(i) Left side =t20 45 45°+tan A —1+tan A 
1 
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Ex. 3. Show that 


cot 2A +tan A=cosec 2A. [G. 0. 1947] 
ide = £08 24, sin A _ cos 24 cos A+sin 24 sin A 
Left side sin 24 cos A sin 2A cos A 
=00s(24-A)_ cos A 
sin24 cos A sin2AcosA_ sin 94 
=cosec 24. 


39. Zo find the expansions of 
(i) sin (A+B+C) 
(ii) cos (A+B+C) 
(iii) tan (A+B+C) 


(i) sin (A+B+0) 
=sin {(4+B)+C} 
=sin (A+B) cos C+cos (A+B) sin 0 
=(sin A cos B+cos A sin B) cos C 
+(cos A cos B-sin A sin B) sin 0 
=sin A cos B cos C+sin B cos C cos A 
+sin C cos A cos B-sin A sin B sin CG. 
Note 1. The expansion of sin (A+B-+C) can be easily putin the 


form 
cos A cos B cos C (tan 4+tan B+tan C—tan A tan B tan C), 


(ii) cos (A+B+O) 
=cos {(4+ B)+C} 
=cos (A+B) cos G-sin (A+B) sin C 
=(cos A cos B-sin A sin B) cos C 
—(sin A cos B+cos A sin B) sin C 
=cos A cos B cos C—cos A sin B sin C 
—cos Bsin Csin A—cos Csin Asin B. 
Note 2, The exyansion of cos (4+B+C) can be easily put in tho 


form 
cos A cos B cos C (1—tan B tan C—tan C tan A—tan A tan B), 
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(iii) tan (A+B+C) 
=tan {(4+B)+C} 
— tan (4+B)+tan 0 
1-tan (A+B) tan C 
tan A+tan B 
_1-tan J A tan Bene 
tan A+ tan B 
~1-tan A tan B 


=tan A+tan B+tan C-tan A tan B tan C 
“T=tanB tan O—tan Ctan A—tanAtanB 


Note 3. The expansion of tan (A+B-+C) can also be obtained 
thus, 


tan C 


tan (4+B+0)=Sn(4+B+C), 


Now, write down the expansions of sin (4-++B+C) and cos (A+B+C) 
and divide the numerator and denominator by cos A cos B cos C or 


simply write down the expansions of sin (4+B+(C) and cos eee) 
as given in Notes 1 and 2. 


Obs. Formule for the Trigonometrical functions of the sum of 
four, five or more angles can be similarly obtained. 


Examples VI 
Show that (Zz. 1 to 20) :— 
1. (i) sin (A- B)=4$ and cos (4+ B)=33, 
if A and B are acute and if sin A=#, cos B=32, 
(ii) cos 68° 20’ cos 8° 20’ + cos 81° 40’ cos 21° 40’ au 
(iii) sec (a — y) = 88, if sec =+#, cosec y=4 
2. (i) sin A sin (B- C)+sin B sin (C- A) 


+sin C sin (A—B)=0. 
(ii) cos A sin (B-C)+cos B sin (C- A) 


+cos C sin (4—B)=0. 
Gii) sin (B+0) sin (B- C)+sin (C + A) sin (C— A) 


» + sin (A+B) sin (4-B)=0, 
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(iv) sin (2- 6) sin (B-¥) +sin (2-8) sin (vy - a) 
+sin (¥ —6) sin (a—g)=0, 
3. cos (60°— A) cos (30°- B) -sin (60°— A) sin (30° - B) 
=sin (A+B). 
4. (i) sin (w +1) x cos (n-1) 2-cos (w+1) a sin(n-1)e 


; =sin 22, 
(ii) sin 20 cos 0 +cos 20 sin 0- 


=sin 40 cos 0—cos 40 sin 0, 


2 
5: sin. B_sin(Q4+B) cos (A+B), 


i sin(B-©) , sin(G- 4) 4 sin (A-B) ae 

cos BeosC cosCcos A cos AcosB 

sin (B-— ©), sin (0 ~ A), sin (A — B) =0 

sin B sin ot sin C sin nt sindsinB ~* 

sin’ A =sin*B y 

cos*4 —sin zB” \ 


. 8. tan (A+B) tan(4-B)= 


ayes ea ein (a +B) sin (A-B) 
9. tan*A-tan°B= wos*Acoa* Be 


tan (a+ f)—tan a a 
10. (i) 1+tan (a+) tana Ene Leb 


(ii) If 4+B+C=x and cos A=cos B cos C0, show 
that tan A=tan B+ tan C. [G. U. 1942] 


11. 1+tan 20 tan 0=sec 20, 


12. cot 9—cot 20=cosec 20, 


18. tan 20°+tan 25°+tan 25° tan 20°=1. 
° cos A+sin A. 
14. (i) tan (45°+ 4)= cos A—sin 4 


(ii) /2 sin (45° + 4)=sin A+cos A. 


cos 8 +5 +sin 8° = ton 53°, 
* Gos 8°—sin 8° 
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16. tan (45°+ A) tan (45°- A)=1. 


17. ° tan (A+B)+tan (A-B)= cos!A—sin®B 


sin (a+y)_ tan e+tan y 
18. = = = eas 
sin(a—y) tan s—tan y 


° _cot —-1_ cos s—sin 
19. cot (45°+2) ALTE om GORGE SITS 


_sec @ sec y 


20. sec (ob) =F x tany 


21. Find the expansions of 
: sin (4-B+0) and tan (A-B-C). 
22. Fxpress cot (4+ B+) in terms of 
cot A, cot B, cot C. 
28. (i) If a cos (x + a)=b cos (w—a), prove that 
(a+b) tan x=(a—-5) cot a. 
(ii) If sin @ sin @—cos a cos B +1=0, show that 
1+ cot a tan B=0, { GC. U. 1939] 
(iii) If A+ B+ C=x and cos A=cos B cos C, 
then cot B cot C=}, 


24. Tf tan gausinag+d sin, 


acos #+b cos y 
then a sin (9-2)+b sin (@-y)=0. 
25. An angle @ is divided into two parts a, B such that 
tan a: tan B=: y; prove that 


‘ a-y. 
F — Aye 
in (a — £) ety oD 0. 


26. If cos (8 —y) + cos (¥ — a) + cos (a— 8) = — 3, 
show that 3 cos a=0 and § sin a=0. 


CHAPTER VII 


TRANSFORMATION OF PRODUCTS AND SUMS 


40. Transformation of products into sums or 


differences. 


We have from Arts. 33 and 34, 
sin A cos B+cos A sin B=sin (A+B) 


sin A cos B-cos A sin B=sin (A-B) 
Adding (1) and (2), we get 


Qsin A cos B=sin(4+B)+sin (A-B). - 


Subtracting (2) from (1), we get 


9cos A sin B=sin (4+ B)-—sin(A-B). + 


Again, from Arts. 33 and 34, we have, 
cos A cos B-sin A sin B=cos (A+B) 


cos A cos B+sin A sin B=cos (A—B). + 


Adding (5) and (6), we get 


3cos A cos B=cos (A+B) +cos (A-B).** 


Subtracting (5) from (6), we get 


@ sin A sin B=cos (A- B)-cos (A+B). ** 


(1) 
(2) 


(3) 
a) 


(5) 
(6) 


(7) 


(8) 


Thus, we have the following formule for transforming 


difference of two sines or two cosines. 


2 sin A cos B=sin (A+B) +sin (A+B). 
2 cos A sin B=sin (A+B) ~—sin (A-B). 
2 cos A cos B=cos (A+B)+ cos (A-B). 
9, sin A sin B=cos (A-B)-cos (A+B). 


a product of two sines and cosines into the swm or the 


(D) 
(11) 
(IID) 
(TY) 
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41. Transformation of sums or differences into 


products. 
Let d+ B=C, and A-B=D, 
C+D 5 G2: 
then A= 2 and B= 3 


Making these substitutions for A and B in the results 
(3), (4), (7), (8) of Art. 40 and noting that the relation (8) 
can be written as 

cos (4+ B)-cos (A-B)= —-2 sin A sinB 
=2 sin A sin (-B), 
we have the following four formuls for transforming the 
sum or the difference of two sines only or two cosines only 
into a product of sines and cosines. 


sin C+sin D=2 sin oft ir (I) 

sin C-sin D=2 cos 24? sin St. (11) 
cosC+cosD=2 cos S+D cos o-). *s- (III) 
cos C-cos D=2 sin ¢D sin Bae (ry) 


Note. The following concise verbal statement of the above four 
formul is sometimes very convenient, 


(i) sine+sine=2 sin (} sum). cos (} diff.) 
(ii) sine-sine=2 cos (3 sum). sin (% diff), 
(iii) cos+ cos=2 cos ( sum). cos (3 diff.) 
(iv) cos—cos=2 sin (4 sum). sin (4 diff, reversed). 
42. Ex.1. Prove that 
(i) cos 20° cos 40° cos 80° = 4. 
(ii) cos 80° + cos 40° — cos 20°=0. 
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(i) Left side =4.cos 20° (2 cos 40° cos 80°) 
=4cos 20° (cos 120° + cos 40°) 
= cos 20° (—$+cos 40°) 
= — cos 20° +4 cos 20° cos 40° 
= —} cos 20° +3 (cos 60°+ cos 20°) 
= —t cos 20°+4 ($+ cos 20°) 
ay 
=e 
- (ii) Left side =(cos 80° + cos 40°) - cos 20° 
=2 cos 60° cos 20° — cos 20° 
= 9.4 cos 20° — cos 20°=0. 
Ex. 2. Show that 
sin 0 + sin 20 + sin 40 + sin 58 
cos 0+ cos 20+ cos 40 + cos 50 
Numerator =(sin 50+sin 6) +(sin 40+ sin 20) 
=2 sin 30 cos 20+ 2 sin 38 cos 0 
=9 sin 30 (cos 20 + cos 8) ; 
Denominator =(cos 58 + cos 6)+(cos 40+ cos 26) 
=2 cos 30 cos 20+2 cos 30 cos 6 
=2 cos 30 (cos 20 + cos 8). 
4 2, sin 30 (cos 20 +cos 6) _ sin 30 
Left side = 9 cos eee 3 Tocssoe 
Ex. 3. Express 4 cos Acos B cos C as the sum of four 


=tan 30. 


cosines. 
4 cos A cos B cos C 
=9 cos A(2 cos B cos C) 
=2 cos A {cos (B+ C) + cos (B- C)} 
=92 cos A cos (B+C)+2 cos A cos (B- C) 
=cos (A+ B+ C) +cos (A- B-C) 
+cos (A+B-O) +cos (A- B+ 0). 


Ex. 4. Empress as the product of three sines 


i +C-A)+sin (G+ 4-B) +sin (4+ B-0) 
BKe : —sin (A+ B*C). 
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Grouping together the first two terms and grouping 
together the last two terms, the given expression 
=2 sin C cos (B- A) +2 cos (A + B) sin(- OC) 
=2sin C {cos (B— A) —cos (A + B)} 
=2 sin C (2 sin B sin A) 
=4 sin A sin B sin C. 


Examples VII 
Prove that (Hz. 1 to 17) :— 
sin A+sin B A+B A-B 


te sin A-sin B arom eo Se 
2 cos A +cos B_ ot 443, ,4A=B, 
* cos B-cos A © 2 a) 


3. cos 20°+cos 100°+cos 140°=0, 
4. sin 0 sin (60°—6) sin (60° +6) =3 sin 30, 
5. cos 8 cos (60°—6) cos (60° +6) =+ cos 30, 
6. (sin 83a+sin a) sin a+(cos 3a—cos a) cos a=0, 
7. cos (4-D) sin (B- C) + cos (B-D) sin (C— A) 
+ cos (C— D)'sin (A-B)=0, 
8. cos 20° cos 40° cos 60° cos 80°= 75. 
9. sin 20° sin 40° sin 60° sin 80° =. 
40, Sn A-+sin B A+B 


cos A+cos B tes 2 
41, SinA-sin B_ cot Ate, 


cos B—cos A 


12. sin 6+sin 30+sin 50+sin 70 = 
Cos 6 + cos 36 + cos 59 + cos 70 an 48. 


Sin 24 +sin 54 —sin nA A 
tS: cos 24+cos5A+cos A 122 24. 
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sin (a+ §) —2 sin a+sin (a— 8) 


cos (a+ B)— 2 cos Srercon (=F) imioa =f 


14. 


cos 7a + cos 3a— cos 5a-cosa 
sin 7a—sin 3a—sin 5a+sin a 
46, sin 24+sin 2B+sin 2C—sin 2(4+ B+) 

=4 gin (B+C) sin (C+ A) sin (A+B). 


17. cos A+cos B+cos C+cos (A+ B+) 


Spy eee 0! oes pa: 
gy C08 gq, 008 5 


cot 2a. 


15. 


48. Ifsin =k sin y, prove that 
tan $(2—- v) = ESF ton 3 (+0). 
19. Ifcosatcos y=% and sin z+sin y=4, prove that 


tan $ (x+y) 


90. Ifecosaty sin a=k=a cos B+y sin Ae prove that 
= uy k 
Oe) sin 3(a+B) cos $(a—A) 


91. Ifsin 0 +gsin ¢=a, cos 8+cos te b, prove that 


a 
ae 


cos 10°—sin 10° 


22. Prove that — eos 0™ Ramil" 3 = tan 35°. 


[ Note that sin 0=cos (90°—6) and cos @= sin (90°+6).] 


93. If cosec A+sec A=cosec B+ sec B, then 
tan Attan B=cot (A+B). [P.U. 1936 ] 


24, Prove that 
cos A+ cos B\” (= A+sin B\" AaB 
(= A-sin “A “ cos A—cos B. Aco 2 


or zero, according as ” is even or odd. [ P. U. 1933 } 


CHAPTER VIII 
MULTIPLE ANGLES 


43. Trigonometrical ratios of angle 2A. 
From Art. 33, we have. 
sin (4 +B)=sin A cos B+ cos A sin B. 
cos (A + B)=cos A cos B-sin A sin B. 
Putting B=, in the first formula, we get 
sin 2A=sin A cos A+cos A sin A=2 sin A cos A (1) 
Putting B= A, in the second formula, we get 
cos 2A=cos 4.cos A —sin A.sin A=cos2A — sin?A (2) 
=(1-sin®A)-sin?4=1-2 sin2A s+ (8) 
and also =cos*4-—(1—cos*4)=2 cos?A—1, s+ (4) 


2 + ta 
By art. 96, ton (4 +B)= "a0 4 Ty 


Putting B= 4, in the above formula, we get 


in A+tan A 2 tan A Ba He 
Ne tan A.tan A 1—tan2A° (5) 


Similarly, putting B=A in the value of cot (A+B) as 


given in Art, 37, we get cot I4= eae as 


2 cot A in) 
From formule (8) and (4), we obtain, by transposition, 
1+ cos 2A=2 cos2A os “ (7) 
1-cos 2A=92 sin?A dee =» (8) 
eh 1-cos 2A 
By division, Thewegae tan2A he (9) 
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We may also note that 
1+sin 24=cos*A+sin*4+2 sin A cos A 
=(cos A+sin A)? 


1-sin 24=cos*A+sin*A—2 sin A cos 4 
=(cos A—sin A)?. 


Note. Since the addition formule are perfectly general (i.e., true 
for all values of A and B), the above formule, being deduced from 
addition formule, are also perfectly general. 


44, Trigonometrical ratios of angle 3A. 
sin 834=sin (4+24)=sin A cos 24 +cos A sin 9A 


=sin A (1-2 sin*A)+cos 4.2sin A cos A 
( By Art. 43] 


=gin A (1-2 sin®A)+2 sin A (1-sin? A). 
+, sin 3A=3sin A—4sin°A. 
cos 34=cos (A +24) =cos A cos 24 ~ sin Asin 24 
=cos A (2 cos*A-1)—-sin A. 2 sin A cos A 
=cos A (2 cos*A—-1)—-2 cos A.sin*A. 
=9 cos*A—cos A- 2 cos A (1 - cos”). 


*. cos 83A=4 cos*A—3 cos A. 


tan A+tan 24 
tan 34=tan (4+ 24) etn RAR 


2 tan A 

2 tan A+7 yn? 
2 tenes 
1-tan Ay =a 


_tan A ne tan A. 
(1—tan?A)—2 tan? 


3 tan A-tan®A_ 
*. tan 3A= 1-3 tan2A 
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Obs. By a method similar to that of the previous article, the 


Trigonometrical ratios of any higher multiple of A can be expressed 
in terms of those of A, 


45. Ex. 1. Express sin2A and cos2A in terms of 
tan A. 


sin 2A=2 sin A cos A=2 sin 4 cos*A 
= 2tanA 
Bian day T+tan7A° 


3 
cos 2A =cos*4 —sin?d =cos?A — cos? A: aa, = 
=i. %5 sin” A 2 
COBed (1 -sn4)- Li (1 tan?) 
—i>tan?A 
1+tan?A 
Ex. 2. Express cos 4A in terms of cos A, 
Putting 0=2A, cos 44=cos 20 =2 cos*@—-1 
=2 (cos 24)? -1 
=2 (2 cos?A—- 1)*-1 
=8 cos*dA—8 cos*4 +1, 


1~tan? (45°- A) __. 
Ex. 3. Show that - 1+ tan® (45°= 4) =! 2A. 


Let @=45°- 4 ; then 


_ sin?@ 
Left side=1—tan"@ ___cos*@ _ cos6 ~sin26 
tan“@ 14 sin*6 cos*@+sin20 
Se 
cos 6 


=cos"6—sin*@ =cos 20 
=cos (90°— 2.4)=sin 94. 


| MULTIPLE ANGLES Va 


Examples VIII 
Prove the following identities (Hx. 1 to 25) :— 


sinQA _ 

Me ieee ee 
sinQ2A _ 

2. T—cos 94 8 4 


3. cot A—tan A=2 cot 24. 

) 4, (i) (2 cos 0+ 1)(2 cos 0-1) =2 cos 29+1. 
(ii) tan 6 (1+sec 20)=tan 26, 

cot A—tan A _ 

cot A+tan A ~ 24. 
6. tan 4+cot A=2 cosec 24. 
7. cos*@+sin*@=cos 20. 
8. cos°d—sin°@=cos 20 (1—+ sin*26), 
9. cos°@+sin°@=} (1+3 cos*Qé). 

sin*a—sin®p _ 


10. cin a cos a—sin B cos B_ tan (a+ 8). 


) 1-cos 29-+sin 20 _ 
AL. (i) 1+cos 26+sin 20 ent [C. U. 1938] 


i) 
VMN cos a— V1+sin 2a 
acute, and the square root being taken with positive sign. ] 


5. 


=cota. [a being positive and 


cos 9+sin @ cos @-sin 8 
= = 2 ti I 
cos @—sin @ cos #-+sin 0 an 28 


12. 
() _ sin A+sin 24. aaa 
13. 0) T+ cos A+ cos 2A 
ii) sin 40 1—cos 20 | 

Gi cos 20 1—cos 40 


A-sin A 
14. (i) oe ae sin A 7800 24 — tan 24. 


3 in?@ x 
... cos O+sin 6 _ 4 _4 ain 99, 
(ii) Paap BIO 1-4 sin 20. 
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15. cos°4 cos 34+sin°A sin 34 =cos°2d, 


16. (i) 4 eae +sin°20°)=8 (cos 10°+sin 20°). 
mB 
i) sin ae ~ eos 10° ae 


17. tan 30 —tan 20-tan @=tan 36 tan 20 tan 0. 


18 cot A 2 tan A 
* cot A—cot 84 tan 34—tan A 


=1, 
tLe pees = cot 20, 
tan 309-tan@ cot ise tf) 
20. sin 88=8 sin @ cos @ cos 20 cos 40. 
21. (i) cos 59=16 cos*9— 20 cos*0+5 cos @. 
Gi) sin 50=16 sin®@- 20 sin°@ +5 sin 0, 


cota — 3 cot 0 
22. (i) cot 30 3 cob*@—1 


=; 4 tan 0—4 tan®A 
(ii) tan 40 —6 tan20+tan0 
23. (i) cos now —A)+cos A + cos (120° + A)=0, 
(ii) cos? (A - 120°) + cos? A + cos? (4 +120°)=3. 


2 cos 2"6+1 
2 2 Sareea gtioe O41 =(2 cos @-1)(2 cos 20 1)(2 cos 2°0 - 1) 


*+-(2 cos 2-49 — 1), 
[ Use (2 cos @+1)(2 cos @—1)=2 cos 20+1, ] 


tan 29 
25. an 8 7 (1+ see 20)(1 + see 9°0)(1 + see 984). 


++(1+sec 276), 
[ Use tan 0 (1+sec 20)=tan 26. ] 


26. Ife= 


ae jy’ Brove that 


2” cos 0 cos 20 cos 2°0++-cos 27-19 =1, 
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27. (1) If tan c=D/a, find the value of a dos 2x2 +b sin Qa, 

(ii) If tan*a+2 tan x tan 2y=tan®y+2 tan y tan Qe 

prove that each side=1, or, else, tan z= + tan y. ; 
28. Iftan*0=1+2tan*¢, show that cos 26=1+2cos 99. ~ 


, 29. (i) If 2 tan a=8 tan f, prove that 


sin 28 - 
tan (a— 6) = one _ (0.0. 1946] 


a) re tan (a-B-7) _ tan ¥ 
(ii) Tf ee) Ga show that 


either, sin (8—7)=0, or, sin 2a+sin 26 +sin 2¥=0. 


30. Ifaand f are acute angles and cos 2a = 3 cos 26 = 1, 
’ 3 — cos 28 
show that tan a= J/2 tan f. [O. U. 1941] 


31. If cos 0=3(a+a ~), show that 
&) cos 29=3(a? +a-*). 
(ii) cos 80= #(a® +a" *). 
Show that (Zz. 32 to 36) :— 
sint9 =%—% cos 20+4% cos 46. 


32. 
89 +sin°@=1—sin®26+% sin*20. 


33. cos L 

34. tan (2 +4) +ton(F - 4) =9 see 2A, 
sin 30, .; cos 30_ sin 40 

85, cos°d =a 0 +sin® are Gl 


36. cos 4% — cos dy 
=8(cos @— cos y)(cos x + cos y)(cos #~sin y) 


x (cos a +sin y). 


CHAPTER IX 
SUBMULTIPLE ANGLES 


46. From the usual formule for multiple angles, namely 
sin 24=2 sin A cos A 
cos 24 =cos*A —sin*A=2 cos?4—-1=1-—2 sin2A 
1+ cos 24=2 cos*A ; 1-cos 24=2 sin? 

_— 2tan A 

ones 1-tan*A 

sin 3A=8 sin A—4 sin®4 

cos 34=4 cos*A-8 cos A 

3 tan A-tan®A 

1-8 tan7A 
putting A=46 and 40 respectively we derive the following 
formule for submultiple angles : 


tan 834 = 


sin 6=2 sin 46 cos 10 
cos@=cos*36 — sin?46 =2 cos?49 -1=1-2 sin?40 
1+cos 6=2 cos?46 ; 1-cos @=2 sin?40 


sin 6=3 sin 40-4 sin?i9 | 


tan 6= 


cos 6=4 cos*30-3 cos 10 


3 tan 46 —tan?4 
1-3 tan?ie 
47. Values of sin 49 and cos 


tan 6= 


20 in terms of cos 0. 
From cos @=2 cos*40—-1=1— 2sin°40, we at once 
deduce 

sin 30= + /3(1-cos 6) 


cos 36= + J/3(1+c0s 6) 
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48. Ambiguity of signs explained. 


When cos @ is given and not 6, 6 and consequently 40 
has a series of values as will be explained in Chapter XI. 
Thus, 0 may lie in any quadrant and sin 30 and cos 36 will 
then have corresponding signs. 

If the quadrant in which 40 lies be known, for example, 
when @ is given along with cos 0, there is no ambiguity in 
choosing the proper signs of cos 39 and sin $0, as shown in 
the following example. 

Ex. Find sin 223° and cos 22%°. 


cos 20°= + VIREO E= / 2 (1+4)= 5 /a¥ V2 
49, Values of sin 36 and cos 36 in terms of sin 0. 
We know that sin 0=2 sin 46 cos 40 
and 1=cos*40 +sin*30. 
Therefore, 1+sin 0=(cos 30+ sin 40)*, 
and 1—sin 6=(cos 40—sin 36)*. 
Hence, cos $0+sin 30=+ J1+sin 0 
cos 40-sin 30= + J1-sin 0. 
Thus, cos 40= +4Vi+sin 0+ Ji-sin 6 
and sin 20= +4 J/1+sin 0 ¥4 Ji-sin 6. 
50. Ambiguity of signs explained. 
As before, when sin @ is given, and not 6, 6 has a series 


of values for the given value of sin 6 as will be explained 
in Chapter XI; 38 may therefore lie in_any one of ‘two 


possible quadrants. 
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cos 40+sin 30= ,/2 sin (3x + 30) 
and cos 40—sin 30= ./2 sin (t2— 40) 
will have their signs determined accordingly. 
Thus, sin 4@ and cos 36 will be definitely known. 
Ex. Find sin 15° and cos 15°. 
We have, cos 15° +sin 15°= + ./1+sin 30°= J1+4 
cos 15°-sin 15°= + /1-sin 30°= J1-4. 
[cos 15°—sin 15°= ,/2 sin (}r—15°) and is clearly positive. ] 


o 4 Js me. Sire 
Thus, cos 15°=3(/$+ Vi) = "S79 


sin 15°=2(/3- /)= {8-4 


51. tan 30 in terms of tan 0. 


2 tan 40 
1—tan* 249) . 


é.e., tan 6 tan*$0+2 tan 40—tan 9=0, 


From the formula, tan 6 = 


we easily deduce 
“1+ Jittan?0. 


tan 46 = 
tan 6 


The reason of the ambiguity is similar to those of the 
previous cases. 
52. Ratios of 40 from those of 6. 
By solving the cubic equation 
sin @=3 sin 30-4 sin®4@ os (G0) 
we get sin 40, if sin @ be known. 


Similarly, by solving the cubic equations 
cos 0=4 cos*39-3 cos $9 aes (2) 
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and tan @= Van oat + (3) 
we derive values of cos $0 from those of cos 6, and of tan 30 
from those of tan @ respectively. 

53. Ratios of 18° and 36°. 

Let 0=18°; then 50=90°; .. 20=90°-38. 

sin 20 =cos 38, or, 2 sin 0 cos @=cos 0 (4 cos*6 — 8). 

As cos 0 (i.¢., cos 18°) is not zero, we have 

2, sin 0=4 cos*9@-3=1-—4 sin0, 

or, 4 sin*0+2 sin 9@-1=0. 

= 24 J4+16 _(+ J5=1), 


*, sin = 8 m1 


Now, as 0 here is a positive acute angle, therefere, reject- 


ing the negative value, we get 

sin 18°=4 (V5 -1). 

cos 18°= + J1—sin*18°=4( /10+2 J). 

cos 86°=1-2 sin” 18°=4 (/5+1). 

sin 36°= J/1—cos? 36° = ( /10—2.4/5), 
54° and 36° are complementary and 72° and 18° 
alues we easily get the trigono- 


Note. Since 
are complementary, from the above y: 


motrical ratios of 54° and 72°. 
54. Ratios of 3° and multiples of 3°. 
sin 3°=sin (18° - 15°) =sin 18° cos 15°- cos 18° sin 15° 
=y (5-1 V6 + J2)- 8 (38-1 5+ VB), 


on substituting the values of sin 18°, cos 15°, ete. 


Similarly, eet 
cos 3°= 3 (N84 W( J5+ V8) +20 (V6 9) 5-1). 


m a knowledge of the ratios of 3°, 15°, 18°, 30°, 


Fro 
we can deduce the ratios for all angles which 


36° and 45°, 
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are, multiples, of 3°, (for, 6°=36°-30°; 9°=45°-36° 
12°=30°-18° ; 21° =36° —15°; etc.). For angles greater 
than 45°, the ratios may be deduced from those of their 
complements which are less than 45°, 


Ex. Show that 


in 2=2" cos = cos, cos, +++. te, @ 
sin @=2" cos 5 ¢ 92 608 95 gn 82 on 
We have, sin 7=2 sing cos 9 


- & . n x 
sin 9 =2 sin =3 cos ~ 


a pe « 
sin 52 sin 55 cos 98 


Similarly, sin = get =2 sing cos 


gn 
Hence, sin =” cos FA 08 a 08 95 “98 Cog ae sin a 
Examples IX 
Prove that (Hx. 7 to 14) :— 
. bee 4 an 4 1+ 008 4 cot 4 
3. (sin 4 “g £ cos $)"=146in A, 
4. sec re 6=tan (tn +40), [¢. U. 1939] 


4. (i) 1+sin @-cos 0 5. 


1+sin 0+cos9 2 9° 


sin ta- Jl+sina a 
() cos ka = ieee cot 5’ where0 <a <a, 


and the square root is taken with positive sign. 
1+sin » 
6. See eile 
(i 1-sing tan’ les 4 a 
(i) 2 sin 9- ~ sin 30 


2sin@+sin 996 n° 20 
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7. (i 1+tan $4 _1+ sin 4. 
7 N= tan $4 cos A 
(ii) cot B=4 (cot $6 — tan 48). 
sin 20 cos 6 (ae 
8. @) 1+cos 20 1+cos 0 = 2° 
(ii) 8 sin*40—8 sin*40+1=cos 26. 


ne GAERi ide SOR _1=tan* 40 
9. sin d= ee) 10. tos 0= tan e) 


1f. (cos x+cos y)*+(sin x +sin y)” =4 cos 2h (@-y). 
12. tan 6° tan 42° tan 66° tan 78°=1. 

48. tan 73°= J6- J/3+ J/2-2. 

14. 2cos asn= J24+ J2+ ay 


U) j-e Ce. 
15. (i) If tan g ON Lte tan $ show that 


cos 8-e | 
con ¢ = 1-e cos 0 


(ii) If tan 0= fnesin ts show that one of the 


5 of tan 30 is tan da tan $f. 
Tf sinat+sin =a and cos atcos f=), find the 


- value 

16. 
yalue of cos (a +B). 

47. (i) Prove that 2 sin34=+ Jitsin A+ Ji-sin 4, 
and determine which are the correct signs when 
970° > A > 180°. [B. H. U. 1, 1931] 

(ii) If0=240°, is the following statement correct ? 
2sin 30= Ji+sin ( O- Ji-sin 0. 
Tf not, how must it be modified ? 
18. IfA= 320°, prove that 
A _ 1+ Ji+tan*A, 


fan 2 7 tan A 


CHAPTER X 
TRIGONOMETRICAL IDENTITIES 


55. Many interesting identities involving funetions of 
three or more angles can be established when there exists 
a relation among the angles. The most important of these 
identities are those in which the three angles are connected 
by the relation that their sum is equal to two right angles. 
In establishing this latter kind of identities, it will be nece- 
ssary to make frequent use of the properties of supple- 
mentary and complementary angles. 


Thus, since 4+B+C= 7, 
Bt+C=2-A4, 
sin (B+C)=sin (2—A)=sin A, 
Similarly, sin (0+ A)=sin B; sin (4+ B)=sin OC, 
Again, cos (B+ 0) =cos (z- A)= —cos A. 
Similarly, cos (0+ 4)=—cos B; cos (4+B)=—-cos 0. | 
tan (B+ C)=tan (2- A)= —tan A, 
Similarly, tan (C+ 4)= —tan B ; tan (4+ B)=—tan G. 
JN SAB UG! 


Again, since, 2 ae ioe 9 ree 

sin (2 + 5) asin (2 ~ 4) =cos 4. 
Similarly, sin (C+ 4) cos 2: 

sin (44 2) =e08 2. 
Again, von (5 + §)=00s(2- 4) asin 4 
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Similarly, cos (£ + E) ) =sin 8 ; 
(Gj 


° 
to} 
na 

ty pol pola 


)=tan = - 4) =cot-4. ; 


Q1~ 


y+ 


—— 
it 
° 
° 
oo 
1 
bo 


Similarly, tan 


ee 
PS 
i=j 
a 
+ 
Iby nolbs nol rolby ro 


(Re bo 


— + aA 
56. Ex.1. Jf A+B+C=z, prove that 
sin 2A+sin 2B+sin 2C=4 sin A sinB sin C, 


[ C. U, 1981, '33,°35 ] 


tan ) = cot : 


=—— 
bo 


Left side=(sin 24 +sin 2B) +sin 2C 
=9 sin (A+B) cos (A- B)+2 sin C cos C 


=9 sin C cos (A-B)+2 sin C cos C 
['.. 4+B+C=7.] 


=9 gin C [cos (A — B)+ cos C] 


=9 sin C [cos (A - B)— cos (4 + B)] 
[°. A4+B+C0=7.] 


=9sin 0.2 sin A sin B. 
=4 sin A sin B sin C. 
Ex.2. [f A+B+C=2, prove that 
cos 24+ cos 2B + cos 2C= -4 cos Acos B cosC-1. 
Left side=(cos 24 + cos 2B) + cos 20 ; 
=9 cos (A+B) cos (A-B)+2 cos°C-1 
= 9 cos C cos (A-B) +2 cos?G-1 
[*..4+B+C=7.] 
= —2 cos G [cos (4-B)-cos C]-1 
= —9 cos C [cos (A- B) + cos (A+B)]-1 
[tt 4+B+C=n. } 
= -—2 cos C.2cos AcosB-1 
= —4 cos A cos B cos C=: 


90 
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Ex. 3. Jf A+B+C=z, prove that 
2 4 Pe Pa A B Cc 
_ sin A+sin B+sin C=4 cos gq COS GCOS 5 
[ C. U. 1910, 29] 
; Left side=(sin A+sin B)+sin C 
=92 sin“ =F cos 4aP ag sin g cos ¢ 
ee ee OA 
=2 cos 9 cos 2 +2 sin 5 COs 5 
a ARSE a 
fe: ric teal 
=2 cos $ {cos Fo tein CI 
mh al | 
2 cos’) cos > +cos 9 
«5, A Bien omar: 
[ ‘97 Siang | 
=2 cos o.8 cos 4cos B 
=4 cos “> cos 5 cos 2 
Ex. 4. If A+B+C=a, prove that 
cos A+cosB+cos C=144sin4 sin Bein ri 
Left side=(cos A+cos B)+cos C 
a A+B A=B 
=2 cos age Co ae +1-2 sin? £ 
C > 
=2 sin cos 85-2 sin? 244 
Los Bin Coeaes 
[ gata oe] 
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iG A : 
=2 sin >| cos etd sing] aul 


2 2 


=2 sin Leos ee — cos ee +1 


2 
SED ek a, 
[ 4B ga2| 


=o7sin S.9sin 4 cin B +1 


ple TY 
=1+4sin 9 Sing Sing 


Ex. 5. If A+B+C=zx, prove that 
tan A+tan B+tan C=tan A tan B tan Cc. 


Since, B+C=2-A4, 
tan (B+ G) =tan («—- A). 


tan B+tan 0 _ —tan A, 
‘+ —tan B tan C 
tan B+tan O= — tan A (1—tan B tan 0) 
=-—tan At+tan A tan B tan C. 


tan A+tan Bt tan C=tan A tan B tan C. 


C005 


Otherwise : 
tan (4+ B+0)=tan a=0. 
tan A+tan B+ton C—tan A ton B tan _9 
“+ T=tan B tan O-tan C tan A~tan 4 tan B : 


‘Since, the fraction is zero, numerator must be zero. 


tan At+tan B+ tan G-tan A tan B tan C=0, 


de, tan A+tan B+tan C=tan A tan B tan C. 


Ex. 6. Jf A+B+C=z2, prove that 
c Chane Aan ee 
tan Bean 5 + tan 3 tan > + tan > tan gai 
[ C. U, 1936, ’89 ] 
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Since, A+B+G=2- .", oe 2 + G=3. 
tan (2 + ¢ )=ton (z = 4), 
Cc 
aa ebay ; 
2 
1-tan 2 tan 2 tan $ 
or, tan 4 (ton B+ tan ¢)=1-ton 2 tan Fy 
On simplification, the required result follows. 
Otherwise : 
A,B, C\_ (4 B ¢)= a 
1/tan ($+ 9 +g) =e0t(4 + a gy cots 
1-tan Ptan § ton? tan 4 ~tan4 tan 2 
G = 10), 


‘ A B 6] { B 
tan 2 + tan 5 + tan 9 ~ tan“ tan g fan 3 


Now the value of the fraction being zero, its numerator 
must be Zero. 
1 ~tan 2 tan? — tan Stan é. — tan Stan 2 =0. 
whence the required result follows. 
Ex. 7. If A+B+C=z, prove that 
A B Cc a-A x-B - 
cos = — — pds 
s gt C085 tcos 5 4 cos q 08 Z COs 7 
Right side=2 cos as4la éos2=2 9) 


arg 


=A Qn-(B+ -Oy 
=2 cos a [cos 2a=(B +0) +cos ea| 
= + — 
=2 cos 77 Aleos ara + cos ed 
Ce 2n—(B+C)=5+2—(B4+0)=r44, since, A+ B+C=7,] 
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n—A at+A aT = 
=2 cos ~7~ cos 7A +2 cos #4 cos A 


z A + 
= (cos a + cos 4) +2005 B+ cos a 


= A B (Gh 
cos 5 + cos 9 +cos 3 


Note. Since, cos } (r—A)=sin {i7—} ( — A)}=sin f (r+ 4) 
and cos (r—A)=cos } (A+B+C-4)=cos t(B+C), 


we have also, cos }4-++cos $B+cos 40 
=4 sin } (r+A) sin } (+B) sin } (+0) 
=4 cos } (B+C) cos } (C+ A) cos t (A+B). 


Ex. 8. Jf A+B+C=z, prove that 
cos?A-+cos2B+ cos*C+2 cos A cos B cos C=1. 
[ C. U. 1982, 87, '47] 
“ gos*A + cos*B + cos*C 

=4(2-cos*A +2 cos” B) + cos°C 
=}(1+cos 24 +1+ cos 2B) +cos"0 
=1+4 (cos 24 +cos 2B) +cos*C 
=1+cos (A+B) cos (A—- B)+cos C. cos C 


=1-cos 0 cos (A— B)—cos C cos (A + B) 
(°. A4+B=27-C.] 


=1-cos O[ cos (A- B)+ cos (4 +B)] 
=1-cos C[ 2cos A cos B] 
=1-2 cos A cos B cos C, 
whence the required result follows. 
Ex. 9. Show that 


ian (8 -—?) + tan (2 — a)+tan (a- 8) 
=tan (8-7) tan (v — a) tan (a 8). 
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Let A=8-Y, B=Y-a, C=a-B8; 
then A+B+C=B$-7+7-ata-B=0. 
tan (A +B+0C)=tan 0=0. 
tan d+tan B+tan C=tan A tan B tan C. 
Now, substituting the values for A, B, C, the required 
result follows. 
Ex. 10. Ifx+y+z=zyz, prove that 
a(1—y*)(1—2*) + 9(1—22)(1- 2°) + 2(1—@*)(1—-y?*) =4eyz. 
Putting «=tan a, y=tan B, z=tan Y, in the given rela- 
tion, we have 
tana+tan Bp +tan ¥=tan a tan 6 tan ¥, 
+. by transposition, 
tan a (1—tan f tan Y) = —(tan 6 + tan Y), 
_tan B+tan ¥ 


F eg oe: i 
te, tana i—tan 6 tony 2" (B+7), 
“. a=a-(8+Y), .at+Bt+y=n, .°. 9a+28+9Y=9n. 


“. tan (2a + 28 +9”)=tan 292=0, 
Therefore, as in Bx. 5 above, 
tan 2a+ tan 26+ tan 2Y=tan Qa tan 2B tan 2Y, 
Now, expressing tan 2a, tan 28, tan 2y in terms of tan a, 
tan 8, tan Y and substituting «, y, z for them, we get, 
Qn qe Ui EY Bayz 
ae ey ae (A ~@*\(1—y*)(a — 2?) 


On simplification, the required result follows, 


Examples X 
If A+B+0=n, prove that (Ex. 1 to 16) :— 
1 ina FG Salen A Bi Cc 
- sin sin B-sin C=4 sin 9 Sin g 08 9° 
2 cot B cot C+cot C cot A+cot A cot B=1. 


11. 


12. 
13. 


14. 


15. 
16. 
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A B Cc 
cot 5 + cot 5 ap cot ¢ = cot A cot 2 cot c 


tan 24+tan 2B+tan 20= tan 24 tan 2B tan 2C. 


- (cot B+ cot O)(cot C+ cot A)(cot A +cot B) 


=cosec A cosec B cosec C.. 
cot B+cot C , cot C+cot A, cot A+cot B_ 


tan B+tanC tan C+tanA tanAt+tan B 


; ety: ee 
sin 4 +sin 9 tsin 3 
a1+4 sin 254 sin 77? sin 27° 
Map AIDE, OFM) FALE, 
=1+4 sin Fem oon sin y 
cos? 24 +cos? 2B +cos" 20 


=1+2 cos 24 cos 2B cos 20. 
sin?d +sin°B+sin°C=2+2 cos A cos B cos C. 


sin® 4 +sin® 9 Be sin* Ca1- 2sin 4 sin 2 in ¢. 
cosA ,  cosB _ cosG __o 
sin Bsin GC sin@ sin A sindsinB ~ 
LG. U. 1949 }) 
ginQA4tsindgQBt+sn20_,. A. B.. ‘Ca 
sin A+sin B +sin C Sains a 


sin (B+C-A)+sin (C+A-B)+sin (4+B-() 
=4 sin A sin B sin C. 


sin (B+2C)+sin (C+ 2A) +sin (A+ 2B) 
= = Ape AB, 
=4 sin PS ce sin oe. ~ sin “9 
cos? + cos’ B +2 cos A cos B cos G=sin?C. 
Bye =A Cedi 
20s 4 00s BF" eos cos 9 +e08- Joos 45 3 
=sin A+sin Btsin C. 
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17. Ifat+f+7=4z, prove that 
(i) sin°a+sin?# +sin*7+2 sin asin f sin ?=1. 
[¢. U. 1943] 
(ii) tan 6 tan?’ +tan Y tan a+tan a tan B=1. 
18. If A, B, C, D are the angles of a quadrilateral, prove 
that 
Q) tan A+tanB+tan C+tan D 
cot A+cot B+cos C+cot D 
=tan A tan B tan C tan D. 
(ii) cos A +cos B+cos C+cos D 
=4 cos } (A+B) cos 3 (B+ 0) cos $ (C+ A). 
19. Show that 
(i) cos® (B —¥)+cos® (¥—a)+cos* (a- f) 
rf =1+2cos (8—-¥) cos (¥—a) cos (a— f). 
(ii) sin?a+sin?f +2 sin a sin B cos (a+ f)=sin® (a+ 8). 
(iii) cos*@ + cos? (a+ 0)—2 cos a cos 6 cos (a +8) is 
independent of 0. 
20. (i) Ifa+f=7, show that ; 
cos*a+cos?f + cos?” =1+2 cos a cos B cos ?. 
[ Oo. U. 1940] 


(ii) If a+ B+? =2z, show that 
cos*a+ cos*B + cos"? —2 cos a cos B cos Y= 1. 
21. If cos (A+B) sin (C+ D)=cos (A—B) sin (C—D), 
show that 
cot A cot B cot C=cot D. 
22. If A+B+C=Q8, prove that 
(i) sin (S— 4)+sin (S- B)+sin (S-C)-sin S 
=A sins ain gine’ 
2 2 2 
(ii) cos" A + cos*B + cos2G +2 cos A cos B cos G-1 
=4 cos 8 cos (S— A) cos (S - B) cos (S—C). 
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23. If A+B+0=nz (n being zero or an integer), 
tan At+tan B+tan C=tan A tan B tan C. 
24, Show that, ifa+B+?=z, ; 
tan (8 +Y—0) +tan (¥+a—-8)+ tan (a+B-Y) 
=tan (8+? —a) tan (? +a—@) tan (a+ p-7). 
95. If A+B+C=za, prove that 
(i) sin A cos B cos C+sin B cos Gcos A 
+sin GC cos A cos B=sin A sin B sin CG. 
(ii) cos A sin B sin C+ cos B sin C sin A 
+eos CO sin A sin B=1+cos A cos B cos 0. 
| (iii) sin 54 +sin 5B +sin 50 
=4 cos De cos ae cos agi 
2 2 2 


(ivy) (tan A+ tan B+tan C)(cot A + cot B+ cot 0) 
=1+sec A sec B sec C. 

26. Ifcos At+cos B+cos G=0, show that 
cos 34+cos 3B + cos 30 =12 cos A cos Bcos C. 
[ Write cos 34=4 cos*A—8 cos A, ete. ] 

97. Ifetyte= 42, prove that 
cos (w—y — 2) + cos (y-z2-«)+ cos (g-a-4) 

—4 cos x cos y cos 2=0. 


28. Show that 
sin (y-2)+sin (e—a) +sin («—y) 
oy 


oew= 0, 


+4 sin aa sin — sin 
99. Ifatyt 2=0, show that 
wg (gra 1) cot (oty—2) +e0t (2+y—2 (oot (y+2— 2) 
‘+ cot (y+2—2) cob (e+a—u)=1. 
| 30. Ifetytercus prove that 
gn-a° , Su- g2—2°_Se—0° Sy—y® B22", 
{oa 1-3y> | 1-32" {—82? 1-3y? 1-32" 


—— 


CHAPTER XI 


TRIGONOMETRICAL EQUATIONS AND 
GENERAL VALUES 


57. It will be apparent from Chapter IV that there are 
infinitely many angles, the trigonometrical ratios of which 
have a given value. For example, if sin 8=4, one value of 8 
(the smallest positive value) is known to be 30°. Now, sines 
of supplementary angles are equal. Hence, sin 150° being 
equal to sin 30° is also 4. Again, angles differing from 30° 
or 150° by complete multiples of 360° will haye their sines 
(in fact all ratios) the same. Thus, sine of each of the 
angles 30°, 150°, 390°, 510°, — 330°, — 210", ote. is equal to 4. 


P q 1 
Similarly, if cos @ be given, equal to 2 say, 8 may have 


any of the values +45°, + 315°, + 405°, — 315°, — 45°, ete. : 
or else, if tan @= /8, 0 may have any of the values 60°, 
240°, 420°, - 300°, ete. 

It is very convenient for the solution of trigonometrical 


equations, as also for other purposes, to obtain a general 
expression in a compact form embra 


cing all angles, the 
trigonometrical ratios of which have a g 


iven value, 


58. General expression of all angles, one of whose 
trigonometrical ratios is zero. 


Tf the sine of an angle be zero, from definition, the 
length of the perpendicular from any 


arms upon another is zero, so that the two arms must be 
in the same Straight line. Hvidently, therefore, such angles. 
must be zero, or some multiple of x, 


Thus, if sin §=0, then 9@= nz, 


n being zero, or any integer, pasitive or negative. 


point of one of its 


odd or even. 
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When the cosine of an angle is zero, the projection of 
any length along one arm upon another is zero, and so the 
two arms must be at right angles to one another. The 
angles must therefore be evidently either 3 or oe or differ 


from these by complete revolutions ; in other words, the 


angle may be any odd multiple of 5 : 


Thus, if eos 0=0, then e=(2nt1)5, 


n being zero, or any integer, positive or negative. 
Again, if tan 6=0, then its numerator sin 0 is also zero ; 
and so @=nz. 
Similarly, if cot @=0, then cos 0=0; 


and so 9=(2n+1)5- 


Note. Tho ratios cosec 9 or sec @ can never be zero, for they can 


never be numerically less than unity. 


59. General expression of angles having the same 


sine (or cosecant). 
Let a be any angle positive or negative such that its 
gine is equal to a given quantity & (numerically not greater 
than 1); for fixing up the idea, and for the sake of conve- 
itive angle having its sine 


nience in practice, the smallest pos 
Let 6 be any other 


for the given quantity k is taken as a. 
angle whose sine is equal to k. 
Then, sin 0 =sin a, 
sin @—sin a=0, 
or, 2siné (9-a) cos $ (8 +a)=0. 
-. either sin } (@-a)=0, 
4 (0 -a) =any multiple of a=ma, °* (1) 


or, 


t.055 


100 INTERMEDIATE TRIGONOMETRY 


or, else cos 4 (9 +a) =0, 


Ze, 4(9+a)=any odd multiple of 5 =(Qm+1)F- +++ (9) 


From (1), 0-a=2ma, 2.e.) O=a+2Qma, vos: (8) 
From (2), 0-+a=(2m + 1)a, i.e, 0= —a+(2m+ Daz + (4) 
Combining (3) and (4), 0=(-1)"a+nn ++ (5) 


where » is Zero, or any integer, positive or negative, odd or 
even. 


If cosece 6 =cosee a, then sin 0=sin a ; hence all angles 
having the same Cosecant as that of a are also given by 
the expression (5), 


Thus, all angles having the same sine or cosecant as that 
of a are given by Inn + a and (2n+1)z—a, 
or, nxz+(-1)"¢, 


60. General expression of angles having the same 
Cosine (or secant), 


Let a be the smallest positive angle such that its cosine 
is equal to a given quantity % (numerically > 1); and let 
9 be any other angle whose cosine is equal to i, 


Then, cos 6=cos a, 
or, ¢osa—cos @=0, 
Qsin 3 (+a) sin } (0-a)=0, 
“+ either sin 4 (0+a)= 0, 


te, 4 (0+) =any multiple of z=nq se (1) 
or else; sin 4 (9 —¢) = 0, \ 

te, +(0-a)= any multiple of z= nz, a (G)) 
From (1), 6+a=2ngz, or 6=2nz-a, oon (6) 


From (2), §-a=2nz, or 6= nate, s+) (4) 
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From (3) and (4), we have 0=2nz+a, see (5) 
where 7 is zero, or any integer, positive or negative. 

It is also evident as in the previous case that all angles 
having the same secant as that of a are also included in the 
expression (5). 

Hence, all angles having the same cosine or secant as 
that of a are given by 

2nxta 
n being zero, or any integer, positive or negative. 


Note. As in Art. 59, instead of taking the smallest positive angle, 
we might take a to be any one angle having for its cosine the given 
quantity %. The general value of @ satisfying cos @=cos a as obtained 
above, would not be affected at all, 


61, General expression of all angles having the 
same tangent (or cotangent). 


Let a be the smallest positive angle such that its 
tangent is equal to a given quantity &; and let @ be any 
other angle whose tangent is equal to k. 


Then, tan 0=tana, 


in@_ sing 
ee =0 


Ts; cos cosa 
sin 9 cos a— cos Osina_o 
or, =0; 
cos 8 cos a 
ee esini (sa) es 0 
% cos@cosa ~ 
sin (@-a)=0, 
i.e. 9-a=any multiple of z=nz. 


0=atna. ss (1) 
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1 4 
The factor ——~— cannot be zero, for cosine of an 
cos 8 cos a 
angle cannot haye an infinitely large value. 


It is also evident as in the previous case that all angles 
having the same cotangent as that of a are given by the 
expression (1), 


Hence, all angles having the same tangent or cotangent 
4s that of a are given by 


uxt+a 
n being 2e70, or any integer, positive or negative, 


Note. The remark below Art. 60 is applicable here also, 


62. Special cases. 


From Art. 59, considering both cases when 7 is odd or 
even, if may be easily seen that 


it sin 0=1= sin Z =2na+ 2 =(4n41) 2 
if sin sins, Cc) 2nxt 5 (4n+1) $ 
malin os t~sin(— 3), mane Z—(4n-1) 2 
or, = Gk+ 3) $ 


Where » ( or k=n- 


1) ts zero, or any integer, positive or 
negative, 


Similarly, from Art, 60, it may be seen that 
if cos @=1, 6=2nx 
and ifcos a= —4, 6=(2n+1)z 


n being zero, oy any integer, positive oy negative, 


These are the usual for; 


ms 1n which the above special 
cases are used in practice, 


‘ 
, 
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63. Geometrical Treatment. 


() Geometrical construction of an angle whose sine (or 
cosecant) is given, and to obtain @ general expression of all 


such angles. 


Let the sine of an angle be given equal to ‘a’. 

Taking the perpendicular lines XOX’ and YOY’ for 
reference, draw a circle of unit radius with centre O. 

Measure off ON=a along OY (or along OY’ if a be 
negative). Through N draw a straight line PN@Q parallel to 
XOX’ meeting the circle ab P and Q. 

Then, Z POX=c say, is one of the required angles, for 

y . ON _ «a 

gin a=sin OPN= op [oo 

Another angle with the same sine, as is apparent from 
the figure, is 2QOX=2—-a (or 82-a if a= ON be negative, 
which is trigonometrically the same as 7—a ). 

‘y being given in magnitude and sign, the position of 
N on YOY’ is fixed and thus in one revolution, 2.e., from 0 to 
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Qn there are, as is clear from the figure, only two angles 
a and x~a having the given sino. * 


Now, the addition or subtraction of any multiple of 2x 
makes no difference in the values of the trigonometrical 
ratios of an angle ( See Art. 28 ). 

Hence, all the angles having the same sine as that of 
@ are contained in the formule QImz+a and QImnt+a-a 
¢.e., (2m +1)n—a, where m is zero, or any integer, positive 


or negative. Both the sets of angles are evidently included 
in the formula nz+(- -1)"a, n being zero, 


or any integer, 
positive or negative. 


(ii) Angles with given cosine (or secant). 


Let the given cosine be ‘a’. 
ON=a along OX (or along OX’ 
through N draw PNQ parallel to 
with centre O and radius unity, 


As before, measure off 
if ‘a’ be negative), and 
YOY’ to meet the circle 
at Pand Q. 


“In the same quadrant there cannot ba two distinct angles (with- 
out being coterminals) haying the sg: 


ame sine, for the corresponding 
triangles will then be congruent, 
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Let ZPOX=a. Then, a is a required angle. Also from 
the figure, the only angles in the first four quadrants which 
have the given cosine are a and 22 —a. 

Adding or subtracting multiples of 27 to these, all the 
angles having the same cosine as that of a are given by 
Inata or 2Zmx+2x—a, both of which are included in the 
formula 2nz+a, x being zero, or any integer, positive or 
negative. 


(iii) Angles with given tangent (or cotangent). 


Let ‘a’ be the given tangent. Along OX or OX’ measure 
off ON of unit length, and then measure off NP perpendi- 
cular to it of length whose numerical value is ‘a’. If ‘a’ be 
positive, both ON and NP will be positive, or both will be 
negative, and so the Z.XOP will be either in the first or in 
the third quadrant. If ‘a’ be negative, the angle will be 
either in the second or in the fourth quadrant. In any case 
there are only two angles, within one revolution, é.c., from 0 
to 2x as is apparent from the figure, with the given tangent.” 


* The ratio PN : ON being given, and the included angle PNO being 
right, the triangle PNO constructed remains always similar to itself 
and so in the same quadrant the ZPON of the triangle is unique. 
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One of the angles being a, the other is evidently (from 
the figure) z+a. Adding or 


formula nxz+a where n is Zz 
negative, odd or even. 


Ex. 1. Solve 2 (cos29— sin?) =1. 
The given equation can be written as 

2 cos 29=1, ~+ cos 26=%=cos 42, 
v. 20=Qnnz+4n. “+ O=natdn. 


Note. It may be observed that a tri 
solved in several ways ; and the results 
givo the same series of angles. To illustr, 
example in another way. 


ero, or any integer, positive or 


gonometrical equation can be 
though different in forms will 
‘ate this we work out the above 


The equation can also bo written in the form 
2 (cos*@~1++cos*9) =1, or, 4 cos?6=3, 


“+ Cos 0= + Boos Be Or, cos er. 


oe ‘O= Imes Fs or, Ima+ or. 
Now, Qe OF (Qn+-1) 


7 a or, (2m—1)4r+™. 


6 
_ _All the four sets of solutions, m being any integer, can be included 
in the expression arttr, in which form the result has already been 
obtained by the previous Process, 


Ex. 2. Solve 4 cos"z +6 sin2a =5, 


The equation can be written as 

4 cos* +6 sin?n=5 (sin*z + cosa) 
sin*n=cos%a, or, tan®a =], 

“. fangs + Loo. t=nnt 4a. 

Note, Equations of the 
solved by the above method 
or Cosine in terms of sine. 

Ex. 3. Solve 9 Sin°2 + sin? 29 =9. 

The given equation can be written as 

(1 - sin*) — sin297 — 0, or, 


form a cos?x+h sin?x= 


: € can be easily 
+ or by expressing sine in 


terms of cosine 
[G. U. 1940] 


2 cos*z —4 sin?a cog?g = 0. 
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or, 2cos*x (1-2 sin?«)=0, or, cos*a cos 22=0. 
-. either cos 7=0, i.e., c=naz+ 432, 
or, cos 22=0, te., 2e=Qnn+tda. ©. 2=natda. 


Ex. 4, ag eee. 
Solve cos 6—sin 8 2 


Dividing both sides of the equation by 4/1°+12, z.e., 4/2, 


we have 
it 


1 5 1 
cos 8, Ya -sin 9.779 25) 
ic, cos 0 cos $2—sin 0 sin ta=}h. 
Po cos (0+4n2)=cos 4x. .. O+4n=2nat 4x. 
“. 0=Qnatden, or, Ina-Za2. 


Note. Extraneous solutions, 

' In general, as pointed out in Ex. 1 above, the same trigonometri- 
cal equation may be solved by different methods, and the forms of 
the result wo arrive at, though apparently different in some cases, are 
ultimately equivalent. In some cases, however, we may be tempted 
to solve a trigonometrical equation by methods which have flaws in 
them, leading to solutions which include in addition to the correct 
solutions, some extraneous solutions which do not satisfy the given 

The given equation which is of the type a cos 6+b sin @=c 


equation, u 
isan example. We proceed to demonstrate it as follows : 


1 2 
Here, cos Oop bo 
c0s?0— x/2 cos 0-+3=sin*d=1—cos"8, 


whence 2 cos?6— a/2 cos 8-3=0. 
Jt 244 1+ 8 _ og, im, 
Kee COR = = /2 =cos 2 or, COS 19 


we 0=Inwk yt, OF, Inwbrs7 


But it can be easily seen on substitution that 
Qne- pyr and Qne+ yet do not satisfy the given equation. The 
error in the method lies in squaring the equation as we have done; 
& 1 2 
for the squared equation includes the equation cos @— a7 7 sin e, 
1 ot which tho solutions are 2nz7—-yyr and 


t.e., cos @-+sin 6= “8 


Qnxt+ yar. 
Equations of this type are therefore best solved as in the next 


example, and not by squaring. 
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Thus, while solving any trigonometrical equation it is 

always advisable to verify the roots obtained ; for thereby 

extraneous roots, if any, can be easily detected. ia 
Ex. 5. Solve a cos O+b sin 0=c., (c¢ > Ja? +b?) 


Put a=r cos a, b=r sin a, choosing the smallest posi- 
tive value of a, keeping r positive. 


ae 5 : b 
Then, r= Ja?+46? and sin a= Vere 
and cos a= Tear 


The signs of @ and b will determine the quadrant in 
which a lies, and a and b being given, r and a are definitely 
known. 


The equation now becomes 
7 cos (8@—a)=c, 
or, cos (@—a)= Wea =cos f, 


where B is the smallest positive angle whose cosine is 


c : 9 

Ve rang and a, b, c being known, @ is also known, 
Hence, 9-a=2nz+ p, or, 0=Qnz+a+B. 

ch is introduced in a tri 

alled a subsidiary angle 


Note. An angle whi 
facilitate calculations is ¢:; 
here subsidary angles, 


gonometrical work to 
+ Thus, a and Bare 


Ex. 6. Solve 4 cos r+ 


Dividing both sides of 


5 sin ©=5, given tan 51° 91'=8, 
ng the given equation by /42+52, 
te, by JE, we get 


1 , é 
ran cos e+ Sai sin 2= ae es (1) 
Since, tan 51° 21’=§, 


“+ sin 81° 217 Fs cos 51° a1 =f. 
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(1) reduces to 
cos « cos 51° 21’+sin @ sin 51° 21’=sin 51° 21’, 
or, cos (e—51°91') =sin 51° 21'=cos 38° 39’. 
*. w@-51° 21’= Inz+ 38° 39’. 
2 =2nx+90°, or, Inx+12° 49’, 
Ex. 7. (i) Solve 2 sin®a+sin® 9e=2 for -rn<a<a, 
From Ex. 3 above, we see that r=na+4z2 s+ (1) 
or, t=nat ta, tt oo see (2) 
Putting n»=0, —1 in (1), we get c=42, —42, which lie 
in the given interval. Putting »=0, 1, —1 in (2), we get 
«= +42, $n, —32 which also lie in the given interval. 


Hence, the required values of a are +42, +42, +4. 
(ii) Solve cos 0+ /3 sin 0=2 
Sor -2n < 6 < 22 and 382 < 6 < Oa. 
Dividing both sides of the equation by VJ1+3, i.e, 2, 
we have 
: /3 
cos 0. 5 +sin 0. = =1, 
ic, COS @.cos $z+sin 0. sin jn=1, 
te, cos (0—4$2)=1. 
2. 0-4n=2nz, t.c., 0=Qnat+4n. 

Putting »=0, —1, we get 0=42, — $2 which lie in the 
1st interval. 

Again, putting n=1, 2, we get 0=$2, -s'z, which lie in 
the 2nd interval. ‘ 
Ex. 8. Solve tan ax =cot ba. 

Here, tan av=cot ba=tan ($2 — bz). 
au=nat+4n— be. 
A _2n+1 2, 
uo eS ree 0 
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Examples XI 


Solve the following equations (Ex. 1 to 23 ) :-— 


1. cot*x + cosec*x =3, 
2. (i) 2 cos*@ +4 sin°a=3. . 
(ii) tan®@ =3 cosec?0—1, [C. U, 1939] 

3. tan x— cot z=cosec x. 

4. cot r—cot Ix=2, 

5. 2 sin 6 tan 0+1=tan 0+2 sin 90. 

6. sin 50+sin 0=sin 30. 

7. sin m0+sin 20 =0, 

8. cos a+cos 8n+cos 52+ cos Tr =0, 

"9. cot 22=cos @+sin «x, 

10. sin z+cos a= /2, for -z<iu<n, 

11. sin 2v tan ©@+1=sin 22+ tan a 

12. cot s~tan 2=2. [C. U. 1984, '37 J 
13. sina+ /3 cos c= V2. [G.U. 1938, 47 J 
14. 9 sina sin 32=1. 

15. sin 0+2 cos 9=1, [C. U. 1933] 
16. tan e+tan 22+ tan 37=tan x tan 27 tan 32. 
17. tan (32 +6) +tan (An -0)=4, [G. U. 1949 } 
18. tane+tan 90+ tan etan2v=1. [C.0. 1941, 45 | 
19. cos @+ /3 sino= Jo, LG. U. 1944} 
20. /3 cos +sin 2=1, for ~<a < on, 
21. cos 22=cos x sin x, 
22. 9 cot e+sin w =2 cosec x, 
23. cos m+sin ©=cos 2cr+sin I, CC. U. 1943 ] 
24. Solve 2 sin®e +sin =3; and find all the anglos 
betwee: 


25. 


n 0° and 1000° which satisfy it. 
Find the gs 


; d ti olution of the equations (general solution 
is not required) 


tan + tan y=2 
2 cos @ cos y=1, 
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26. If tan az—tan bx=0, show that the values of x 
form a series in A.P. 


27. Solve 
(i) cos 3u+ cos 2x +cos =0. [¢@. U. 1941, ’46] 
(ii) cos 92 cos 7x =cos 5z cos 82. -tn<a< da. 
(iii) tan 2+ tan 2¢+ tan 38¢=0. (A. T1941] 
(ivy) cos a-sin a=cos a+sin a. ( B. H. 0.11988 } 


(vy) cos*#—cos x sin e—sin®x=1. 

(vi) cos 62+ cos 4a =sin 3x +sin 2. 
.. Sin@ , cosa 

(vi) —— + —— 


sin 2x cos 2a 
28. Solve 5 cos 0+2 sin 0=2, given tan 68° 12’ =23. 


29. Find those pairs of solutions of the following equa- 
tions which correspond to positiye solutions less than 2n 
of each individual equation :— 

(i) sin (2-8) =0; sin (@+ f)=1. 
(ii) sin (2-8) =cos (+f) =. 
30. Ifsin A=sin B, cos A=cos B, prove that either 


A and B are equal or they differ by some multiple of four 


right angles. [C. 0.1985 } 


81. Show that the three equations 
sin? =sin2a, cos*0=cos"a, tan*0=tan°a 


are all identical and tho solution is always mnzta, 
32, Show that the same tio series of angles are given 
by the equations : 
= Ste ees at Ee 
ata nz +(-1) 5 and x 4 Qnat 5 


CHAPTER XII 
INVERSE CIRCULAR FUNCTIONS 


64. The equation sin @=a means that @ is an angle 
whose sine is 2. It is often convenient to éxpress this 
statement inversely by writing 0=sin~*a, Thus, the symbol 
sin~*# denotes an angle whose sine is x. Hence, sin~*a is 
an angle, whereas sin @ is a number. The two relations 
sin 9=¢ and @=sin~*2 are identical ; if one is given tho 
other follows. The symbol sin7*z is usually read as “sine 
inverse x’ Sometimes it is also denoted by are sin a. 


Note. sin-*z must not be confused with (sin a:)-* 


65. We know that if 0 be any one angle whose sine is 
equal to «, then sines of all the angles given by ua+(-1)"0 
are equal to x. Hence, sin72a has got an infinite number 
of values, and as such, sin~*x isa multiple-valued function. 

Hence, the general value of sin™*e=na+(-1)" sin7? 
where on the right-hand side sin”*g s 
cular angle whose sine is «, 


te ae 
en" sin a 


td] 
tands for any parti- 


Similarly, the general value of 


cos” *2=Inz+ costa 

and of tan*2 =nz+ tan-*e, 

The smallest numerical value, 

of 6 is called the principal vals 


principal value of sin-*h is 30° 
same ratio, 


either positive or negative, 
we of sin“*z, Thus, the 
eo) aug corresponding to the 
there are two numerically equal angles, one 
positive and the other negative, it is customary to take 
the positive angle as the principal value; thus, the 
principal value of cos~+ 4 jg 60°, and not (-60°) although 
cos (— 60°) =4. 
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In all numerical examples, the principal value is generally 


taken. 


-1 = -1 - - APS 
cos “2, tan” *z, cosec-*z, sec-*z, cotta have similar 


significance and all properties as those of sin~1z. These 
expressions are called Inverse circular Functions. 


66. Ifsin 6=2, then 0=sin™*2, .c., @=sin-7 sin 6, 
Similarly, 9=cos"* cos @=tan™’ tan 6 ;.etc. 

Again, if @=sin™*z, sin 0=2, ic, sin sin" *x=x,. 
Similarly, cos cos”*x =x ; tan tan” 'x=x 3 etc. 
Also, we have 


= a aeqial = Sepak = Saal 
cosec”*x=sin ee5 cot *x=tan~1 =) sec tx=cos et 


Let cosec”*#=6 ; then cosec 0=2. 


, 1 1 
sin 6=———= =. 
cosec@ & 
hag ob = peer Th 
Hence, @=sin a and therefore, cosec *«=sin ze 
aay cee SS 
In the same way we have, cosec z =sin a. 


The other relations follow similarly. 
67. As all the trigonometrical ratios can be expressed 


_in terms of any one, similarly all the inverse trigonometrical 
ratios can be expressed in terms of any one inverse ratio. 


Thus, let sin"*a#=6 ; then sin 0=a, 


*, cos 0= J1-a? ; tan Geeineeat 


1 
sec 0= er and cosec 9=—* 


= ey he ag b 
r} 0=sin-*a=cos * /1—a?= tan 
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68. To prove that 
(i) sin"'x+cos71x= Be 


(ii) tan7'x+ cot71x = a 


(iii) cosec~*x+sec71x = 


nla 


(i) Let sin“*a=6 ; then sin 0=2. 


Now, sin 0=cos (42-6), 


cos (42-6) =2 and hence cos-*z=4n-9, 


Therefore, sin-*z + cos"4m=9 + tn-0=h2, 
(ii) Let tan-22=6 ; then tan 6=z, 
Now, tan @=cot ($2 —9), 
cot (4n-6)=2, .*, cot *=}2-9, 
tan” *2 + cot-4m=9 + dn-0=4n, 


(iti) Let cosec*2= 9 ; then cosec 0=a, 


Now, cosec 6=gee (bn - 0), 


sec (tx—6)= *. sec7ty =4n-6, 


cosec*@+sec 2g = + tn-0=4n, 
69. To prove that 


(i) tan~*x4 tan“*y=tan-1 eae 


(ii) tan“*x = tan“+y = tan- ‘ae 


Let tan=2 w=a 5 and tan-ty= B; 


then tana=”- ;and tan p=y, 


= tan a+tan p 
tan (a+ 
Now, tena 8)= 1-tan atanp 


= tty, 
l-ay 


———- 
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Stan? 2EY 
a+p=tan =a 
—1 “ty. 
1—ay 
F —,)—tama-tan B _ ony, 
Again, tan (a -§) 1+tan a tan 6, .1+ay 


ie, tan”*a+ tan *y=tan 


a-6=tan*2—", 


l+ay 
. = - -1 274 
te, tan”*2—tan7*y=tan7?——- 
, y Lay 
Note. It can be easily proved as above that 
cot-* a+cot-* y=cot-* cued, 


yto 


70. To prove that 


—4 Xt+y+tzZ—xyz 


-41 -4 des 
tan™'*x+tan-*y+tan’ ‘z= tan 1-yz—2x-xy 


Let tan-*a=a; tan *y=86 ; tan”*z=Y. 


tana=2, tanf=y, tan?=z, 


Now, tan (a+6 +7) 


— tanat+tan #+tan Y—tan a tan B tan y 
1—tan # tan Y— tan ? tan a—tan a tan B 
a otyte—ayz 
1-yz-2e-—ay 
-1 Etyt2—aByz. 


Hence, a+$+7=tan Tea 


Since, a+f+?=tan-*e+tan *y+tan”*z, the required 


result follows. 


Note. This relation can also be deduced by applying twice the 


formula of Art. 69. Thus, 


Left side=(tan-*a-+tan-*y)-+tan-*z 


-1 oty “15; i 
Toay? 2; now again apply Art, 69. 


= tan 
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71. In fact for most of the formule involying ordinary 
circular functions, corresponding relations connecting the 
inverse circular functions can be easily deduced. In addi- 
tion to those given above, some are illustrated in the follow- 


ing examples. 
Ex. 1. Show that 
(i) sin“*a+ sin7*y =sin-* fe JI-y?+y J1—at. 
(ii) cos™*a + cos*y=cos* {ay = J(1—a\(1—y)}. 
(i) Let sin-*¢ =a. 


also let sin™*y =p. 


*. sin a=g and cos a= /1-a@?; 
*. sin B=y and cos B= J/i—y?. 
Now, sin (a+ §)=sin a cos Bt cos a sin B 
=a J1-yFtyJ1—a". 
at p=sin™ {e JI-y?+y J1-24t. 
Since, a+$=sin-*¢+ sin*y, the required result follows. 


(ii) These relations follow similarly from the value of 
cos (a A). 


Ex. 2. Show that 
(i) 2 sin 2=sin™ (92 Ji—a?). 
(ii) 2 cos™*a=cos~* (2a? — 1), 


A i 1 Bo 
(ili) 2 tan7*¢=tan-* ia 


(i) Let sin“*#=a, .*. sin'a=a, cos a= \/]=,3, 
. Now, sin 2a=2 sin a cos a=2n Jia. 

“. Qa=sin™* (Qn /1—2). 

Since, a=sin"*a, the required result follows. 


(ii) & Gil). These relations follow similarly from the 
corresponding values of cos 2a in terms of cos a and tan Qa 
infterms of tana. [ See Art. 43] 
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Note. The above three relations can also be deduced by putting 
@ for y in the values of sin“*z+sin~*y, cos"*e+cos"*y and 
tan“*e+ tan7*4. 


Ex. 3. Show that 
(i) 8 sin7+2=sin-* (8a — 42°). 
(ii) 8 cos"*a=cos* (4a° — 32). 
1-32" 
(i) Let sin-*2=0 ; then sin 0=a. 
Now, sin 30=3 sin@—4 sin°@=32—42°. 
30, i.c., 3 sin7+#=sin* (3a — 42°). 
(ii) & (iii). These relations follow similarly from the 


corresponding values of cos 30 in terms of cos9 and of 
tan 30 in terms of tan @. [ See Art. 44 ] 


(iii) 8 tan~*a=tan {G. U. 1938 ] 


Note. The result (iii) may also be deduced by putting yre=e 
in the formula of Art. 70. 


Ex. 4. Show that 


2 tan7?x=sin™* pias cos~' tea a rexay 
Let tan” *2=0, .. tan 0=a. 
. tan 0 Qn 
Since, sin 20= as oe etN [ Art. 45, Hx. 1] 
Sty = Wy, 8. 
. 90, ie. 2 tan™*2 =sin eee 


A _1=tan?9_ 1-2", 
Since, cos 20 = 1+ tan76 ita? 


Qtand 2 


and tan 20-7 —tan%@1—z° 


the remaining relations follow similarly. 
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Ex. 5. Show that 


tan™* Teepe tan Tabet? ite erg 
1st term of left side=tan-*a—-tan™*b [ By Art. 69 (ii) ] 
Qnd ++ s+ + =tan72b—tan 2c, 
Brd re eee eee = tan™4+¢— tanta, 


Hence, adding up the threo terms, the required result 
follows. 


Ex. 6. Show that 


2 tan-* $+tan-* 4=tan72 : 


Since, 2 tan"*a=tan-* 


Tae [See Ha. 4] 


otto 


1 1 


7 = tan™ qs. 

52 

. 5 

-. Left side=tan-* $+ tan-+ 4=tan? tatt = tan“ 732, 
as 


Ex. 7. Solve 


2 tan™*4=tan™ 
fs 


es 2 ae 
sin Sr + sin-+ oe =2 tan-*a, 

[C. U. 1947 ] 
Qa 


Since, sin7* j+q2 2 tan *2. [See Ee, 3 ] 


Left side=2 tan-+a +9 tan™*b, 
the equation reduces to 
2 tana =9 tan-24+9 tan~+4, 


tan™*2=tan-24¢ + tan-15 = tan-2 @+0 , 
1-ab 
atb 


Tia 
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Ex. 8. Solve 


aol eoifdon lll sos 
tan 2-9 am BO el 
(ith med 
=2 9x7 = 
Left side = tan~* ee — oa aes 
1-2 ali =} 
2-4 


the equation reduces to 
-120°-4 2 


= “1 
=3 4 stan”? 1. 


tan 


Qa? — 4 


= 28 Eee 
3 =1 or, 2z°=1or, x +i 


Examples XII 
Prove (Hz. 1 to 17) that :— 
1. (i) tan7*4 + tan7*4=4z. 
as a4 -1 Qe -13%- cies 
(ii) tan7*a + tan joa? tn “73,8 
(iii) tan7? 4+ tan7* $+ tan™* zs =cot™* 3. 
2. tan *3%+cot* %*=tan +}. 
8. tan-*1+tan-*2+tan *3=2 
=9(tan7*1+tan™*4+tan~*4), 


4, (i) tan? a +cot™* (e+1)=tan* (@? +a@+1). 


ry ere = q == il 
1 _—_ +-tan"* q——— = tan)* == 
tan ptq p’+pq+l p 
et yy eh ep ee WD eam 
5. tan *a—tan *c=tan Trap * bn eee 
6. tan-*$+sin-* $=tan * #3. 


7. tan-+4++tan-+4+tan*4+tan-* 4=42, 
[¢. U. 1942] 
THis. [ ¢. U. 1987 ] 


a 


8. 2tan *$+tan~ 


120 


9: 


10. 


11. 


12. 


18. 


14, 
15. 
16. 
dG 
18. 


19. 


20. 


21. 


22. 
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(i) sin (2 sin"*z) =22 J1-a?. 
(ii) {cos (sin7+z)}* ={sin (cos~*a)}?. 


cos *#=2 sin™* Weee= 2 cos~* ae. 
tan-? J2= 500s ea LC. U. 1943 J 
sin */ 252 cos * /=2- tan™* ee 
tan 0 = +tan7* ore +tan7* ie 
= tan™ we + tan7? BS + tan. 


sec? (tan™* 2) + cosec? (cot-* 3) =15. 


cot * (tan 2a) + cot™*(—tan 3x) =z. 
sin’*$+sin-* +sin7112=42, [¢. U. 1941] 
4(cot* 8 + cosec™* ,/5) =a, [C. U. 1939 ] 


If tan™* #+tan7* y+tan7* z=2, show that 
obyt+z=nyz, 
If tan™* & + tan™? y +tan72 z=42, show that 
y2+ 20 +ay=1. 
If cos* z+ cos? y + cog? z=a, show that 
w+ y?+2° 4+ yz=], 
If sin @+sin~* y +sin7* z=, show that 
@ Ji-a*+y J1-y?+2Ji-- = Qryz. 
Find the values of 
(i) sin sin“ $4 cog? 4). 
(ii) tan (tan™* @ + eot-? a). 


see s 23 Qo ~11-y? "5 
Gii) tan (: sin™* a8 +h cos ‘enh 


[G. U. 1935] 
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23. Iftan7+y=4 tan ‘2, find y as an algebraic function 


of x. 


24, Ittan-22, tan *y, tan-*z are in A.P., find out the 


algebraic relation between 2, ¥, 2- If in addition, a, y, z 
are also in A.P., prove that s=y=2. ligis410; lor ll 


25. Solve the following equations : 
(i) tan? (¢ +1) + tan”? (¢-1)= tan”* gy. 
is ppm wees 20% re a 1-0° 
(ii) tan ra ie cos 7452 
(iii) tan (cos?) = sin (tan™*2). 


4 oe AL es =a 

(iv) tan ee tan” *2. 
Sc a3 20 =i y 

(v) tan™* “S4tton™ ond tan 36 


(vi) sin-*e+sin™* 2n= 5 : 


(vii) sin7*a + sin’? (1-«)=cos *#. 


(viii) tan7* (a—- 1)+ tan72a+tan~* (2+ 1)=tan™* 3a. 
= Qa -,1-2?_= 
(ix) tangy 7 qa co" o Sosa 


(x) cot? (e-1)+ cot* (aw - 2) + cot™* (w- 8) =0. 


26. Show that 
Re Wer enilne eee eee +1_o. 
(i) cot mer + cot jae cot = 


(ii) tan (tan™*@ + tan7+y + tan *2) 


=cot (cot™*# + cot ty + cot” *z). 
(iii) tan” * (cot x) +cot * (tan 2)=2- 2a. 


Miscellaneous Examples I 


1. If3 sino+4 cos 6=5, show that tan @=2. 
2. Tf a? sec2a —b2 tan°a=c®, find cosec x. 


3. If2=r cos 6 cos ¢$,¥=rcos 0 sing, z=r sin 0, show 
that w?+y24+22=,2 


- 6 y 
4. If sin ar show that tan (; = a) NEE 


5. Ifa-r sin (6+45°) and y=r sin (0 — 45°), then 
a tytay?, 

6. If cos (a+) sin (¥ + 6)=cos (a- B) sin (Y-6), then 
tan 0=tan a tan B tan y, 

Show that (Za, 7 to 9) :-— 


. 2 , 2 By 
7. (cos e—cos y)? +(sin e-sin y)? =4 sin? 2 


8. sin A+sin B+sin C—sin (4+B+0) 


mtn AT sin BEC gin OFA, 
9. 4 sin SAFC in BHO A sin? * 4 


=1-cos* A — cos? B - cos?0 +9 cos A cos B cos C. 


2 sina sin y 
1 } ===: = , ' 4 
0. If tan B= sin (a+) then tana, tan B, tan Y are 
in harmonica] progression. 


ikea: ma Bon re then 


(i) tan 6 tan Y+tan Y tan a+tan @ tan p=1. 
(ii) sin 2+ sin 2B +sin 2 = +4 cog g cos B cos 7. 
If the angles A, B, C be in A, P., then 
aoe 


12. 
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13. If cosec 24 + cosec 2B + cosec 20 =0, show that 
tan At+tan B+tan C+cot A+cot B+cot C=0. 


asin B b sin a 
5 beth = — 9g =e di} 
cage ere acospee oe 1-bcosa 
sina_@_ 
then Seo 


15. Show that 
tan 0+2 tan 20+4 tan 40+8 cot 88 =cot 4. 
16. Ifcos (0-¥) cos $=cos (9-6 +¥), then tan 4, tan 4, 
fan y are in harmonical progression. 
17. If 1+cos (y—z) +cos (2-2) +cos (w-y)=0, show 
that either (y—2), or (2-2), or (e—y) is an odd multiple of = 
18. Ifsin 9+sin ¢= V3 (cos ¢—cos 4), show that 
sin 30+sin 36=0. 
19. liminate a and f from / 
sin a+ sin @=a, cos a+cos B=b, cos (a-f)=c. 
20. If A4+B+C=za, prove that 
(i) tan B tan C+ tan C tan A+tan A tan B 
=1+sec A sec B sec C. : 
(ii) cot A+cot B+ cot C=cot A cot B cot C 
+cosec A cosec B cosec CO. 
91. If A+B+C=z, and if 
sin¢A+sin?Bt+sin*C=sin B sin C+sin Osin A 
+sin A sin B, then A=B=C. 


292. If A, B, C be the angles of a triangle, and if 
cot A+ cot B+cot C= V3, show that the triangle 


is equilateral. 
23. If sec ax +sec ba = 0, show that the values of # form 


4evo series in A. Be 


CHAPTER XIIT 
LOGARITHMS 


_ 72. Definition of Logarithm. 


Logarithm of a number with respect to a given base is 
the index of the power to which the hase is to be raised in 
order to give the number, 

Mathematically if a*=N, then ‘zx’ is the index of the 
Power to which ‘a’ (which is called the base) is raised to 
give ‘N’. Hence, by definition, ‘a’ is the logarithm of ‘N’ 
he base ‘a’ and it is usually written ag 


Asa numerical example, loge8=3, for 2°=g t.e., 3 is 
the power to which 2 is to be raised to give 8. Again, since 
38*=81, 4=log, 81. 

Any result involving indices can be expressed as a result 
in logarithm, and vice versa, 

For exam ple, 

if pt=r, then, a=logp r. 
if m™=2", then 2=logm (2) 
or, k=log, (m"), 
Similarly, if logy a =z, 
then y=an, 
Té should be noted that the logarithms of the same 


number with Tespect to different bases will be different ; for 
example, to get the Same number 64 
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73. Special Cases. 


We know from Algebra that if @ be any real finite 
quantity, other than zero, then a=1, 


Hence, loga 1=0 ; in other words, | 


Gi) logarithm of 1 with respect to any finite quantity 
(other than zero) as base, is zero. 


Again, a being any quantity, a> =a, 
' Hence, 1=loga a. In other words, 


(ii) logarithm of any number with respect to itself as base 
as unity. 

Note1. Ifa*=0, then a=—oifa >1,andw=+0ifa <1. 

Thus, we have logs O= +o according asa > or <1. Hence, 
logarithm of zero to a base greater than unity is minus infinity, and 4 
to a base less than unity is plus infinity. 

Note 2. Since the equation a*=—n(aand m being real positive 
quantities ), cannot be satisfied by any real value of 2, whether positive 
or negative, provided we consider the principal value* only of a*, 
logarithm of a negative quantity (in a system of logarithms 


therefore, 
o is a real positive quantity ) must be imaginary. 


whose bas 

74, Fundamental formule in logarithms. 

From the definition it is clear that logarithms are but 
jndices in another form. Hence, corresponding to the three 
fundamental results in the theory of indices in Algebra, 
namely that if a, 7, y be any real quantities. 

(i) a® xa¥ =a", 

(ii) a”+ 0% =a" and 

(iii) (@7)"=0™, 
we get three fundamental laws of logarithms which are 
given below. 


* See a treatise on Higher Trigonometry. 
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(i) logs (mXn)=log, m+log n 


in other words, logarithm of the product of two quantities 
is equal to the sum of their logarithms taken separately, base 
remaining the same always. 


Proof. Put loga m=a, loga n=y 

and loga (mxn)=z 
then from definition, 

a®=m, aY=n and a® =m x n=a" x qv =qtty, 

so that, z=at+y, 
Replacing values, 

loga (mn) =loga m +loga 1. 
Cor. loga (m.n,p,...... )=loga m+loga n+loga DH ves 


(ii) logs (2) =loga m—loga n 


in other words, logarithm of the quotient of two numbers is 
equal to the difference of their logarithms (logarithm of the 
numerator minus logarithm of the denominator) 


Proof. Put loga. m=a, loga n=y 
and log (™) =2. 


Then, from definition, 
a =m, =n 
m_a® 
ma 


and qa? = =q7v 


so that 
Lt Yu, 


or replacing values, 


m\ 
loga = loga m—loga n. 
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(iii) logs (m)"=n Joga m. 

Or, logarithm of a power of a number is the product of 
the power and the logarithm of the number. 

Proof. Put loga m=2, and loga (m)"=z. 


Then, by definition, 


a” =m and 
aa = (m)” = an, 
Z=nk, 


or replacing values, 
loga (m)"=n loga m. 
f Py? 
Ex. 1. Reduce to a simple form loga aFe 


a? a 
loga As = loga (x?y*) — loga (z*) 
=loga 2? +loga y*—loga 2° 
=p loga + q loga y—S loga % 


Ex. 2. Simplify logio V3 


$ 2 
8/2 5 
tosse / 9 =H0830 (gai) “#9820 98.13 
10° 
=4 logio 9°11 
$d logio 10° —logio (2°.11) J 
$[2 logio 10 —(logio 2° +logio 11)] 
4[ 2-5 logio 2—logio 11 }. 


i 


75. Change of base. 

There is a fourth standard formula whereby logarithms 
of numbers with respect to one base being given, those with 
respect toa different base may be obtained. The formula is 


log, m=log» mx loga b. 
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Proof. Put loge m=, logy m=y and loge b=z. 
Then, from definition, 
a” =m, bY =m, a*=b, 
Hence, a®=m=b" =(a7)¥ =a", 
or, x2=yz, 
Replacing values, 
loga m=logy m * logg b. 


Cor. 1. In the above result, put m=a. Then remem- 
bering that log, a=1, we get 


logs aXloga b=1. 


Since, the above relation is very important, we add here 
an independent proof of it. 


Let log, a=z, and loga b=y. 
Then, "=a and aY=b, 

a=b" =(q¥)* = gev, “. gy=1, 
2.e., logy ax loga b=1, 


5 eeelles, 
or, logpa Tosa 


Cor. 2. The result of the above article may be written 
with the help of Cor, 1, in the form 3 


loga m=logy m/logy a. 


if logarithms of both m and a with respect to b 
, logarithm of m with respect to a is obtained, 


Thus, 
be known 


75. Common system of logarithms, 


For all practical Purposes wherever logarithms are used 
for numerical calculations, the base ig invariably taken as 
10. Logarithms of numbers with respect to the base 10 are 
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referred to as the Common system of logarithms. The 
advantage of the common system of logarithms for practical 
applications will be clear presently, from the article 77 
Theorems I & II. : 

Note. In higher mathematics, for theoretical investigations, another 
quantity ‘e’ (defined in books of Algebra), whose yalue is nearly 2°718:--, 
is used as tho base of logarithms, and logarithms to this base e are called 


Napierian logarithms. 


With the help of the logarithmic series established in books 


on Algebra, Napierian logarithms of numbers are tabulated. The 


which is known as the modulus of the common system, 


1 
f 
actor Toge 10 


applied to the Napierian 1 

logarithms (See Art. 75). 

‘prepared. 
Henceforth, 


the common system of 
anderstood to be 10, will n 


ogarithms will convert them to common 
Thus, a table of common logarithms is 


we shall proceed with the consideration of 
logarithms, and the base being 
ot be' written. 


wh Charagteristic and Mantissa of common logarithms. 


Tt is only in very few cases that the logarithm of 
‘a number is integral. In most cases, however, the logar- 
ithm of a number is partly integral and partly fractional 


(or decimal 
Def. The integral portion of the logarithm of a number 
is called the characteristic, and the decimal portion is called 


the mantissa. 

In case the logarithm of a number is negative, and 
partly jntegral and partly decimal, the decimal portion, 
i.e., the mantissa is always kept positive by altering the 
jntegral part, i.e., the characteristic suitably. Thus, the 
mantissa part of the logarithm of a nwmber is always positive. 
For instance, if the logarithm of a number is —2°8, we 
write it as — 4°7 and call —8 as the characteristic and ay. 
(and not —°8) as the mantissa. —3+ 7 is often abbrevia- 
ted in the form 37. 


9 
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Theorem I. he characteristic of the common logarithm. 
of (4) any number greater than 1 és positive, and numerically 
one less than the number of digits in the integral part of the 
quantity whose logarithm is sought ; and (ii) of any positive* 
number less than 1, is negative, and numerically one greater 
than the number of zeroes immediately after the decimal point 
in the quantity whose logarithm is wanted. 


(i) Let the number be greater than unity. 

Any number, say 7209, which consists of 1 digit only in 
its integral part, lies between 1 and 10. 

Now, 10°=1 and 10*=10, 

Hence, if 10* 
and less than 1. 


Thus, log 7°209 must he between 0 and 1, t.e., of the 
form 0° ..., having its characteristic 0. 


Similarly, numbers of the type 53'0528, which Consists of 


2 digits in their integral parts must lie between 10 and 100: 
@.e., between 10* and 102, 


Hence, the index to which 10 should be raised to give 
53'0528 must be greater than 1 and less than 2, iie., 
log 53°0528 must be of the form l... having the character- 
istic 1, 

log 
digits. 


=7 209, clearly « must be greater than 0 


10 is 1, and 10 also falls in this category of two. 


In the the same way, a number which ha 
integral part lies between 10"-* (which al 
and 10” (which hag n+] digits). Thus, 
such numbers must lie between m~1 and x, i.e., (w—1) 


+ some positive Proper fraction. Henee, the characteristic 
In such cases is 7 — ] 


Hence the result. 


Sm digits in its 


oe = 2 
gative numbers are easily seen t 
for there is no real power, Positive or negative, 


to which 10 may be 
raised to givea negative resul 


t. [See Note 2, Art. 73 ] 
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(i) Let the number be positive, and less than 1 
(i.¢., between 0 and 1). 


We notice that 


10° = 
107+ =4 =1 
LO iw =01 
10° = ="001 
10-* =s5555 ="0001 
ete. etc. etc. 


Now, ® number less than 1, with no zero immediately 
after: the decimal point, like “3015, must be greater than ‘1 
and less than 1; hence, the power to which 10 must be 
raised to give such a number must lie between —1 and 0, 
i.¢., = —1+a positive proper fraction. Hence, such numbers 
haye the characteristic of their logarithms= — 1. 


A decimal number with one zero immediately after the 
decimal point, like ‘078005, gies between ‘01 and °1 which 
are respectively equal to 10” and 1077. 


Hence, if 10°='078005, x must lie between —1 and —2, 
i.¢e., @ 18 of the form —1’...... Writing the decimal part of 
c positively, in the form —2+°+*:-- , we notice that the 
integral ae @, i.¢., the characteristic of the logarithm ei 
078005 is — 


Similarly, the logarithms of numbers between ‘01 and 
“001 (i.e. 10-* and 107°) which must have two zeroes after 
the decimal point, lie. between —2 and — 3, 2.e., are of the 
form —2t'=—3+ "s+, and so the characteristic in 
such cases is — 3 ; ' 

and so on. 1 


Hence the result. 
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Theorem II. All numbers, formed of the same digits in 
the same order, differing only in the positions of their decimal 
points, have the mantisse of their logarithms same. 

This will clear from an example. Let us take the 
numbers 835107, 835107000, 83°5107, ‘835107, “000835107 
and 8351°07. 

Now, log 835107000 =log (835107 x 1000) 
=log 835107 + log 1000) 
=log 835107+3. 


A Dean: —1,., 885107 
Again, log 83'5107 =log 10000 
=log 835107 —log 10000 
* =log 835107 — 4. 


log ‘835107 =log eG = log 835107 6. 


log 000835107 = log eae =log 835107 -9. 


log 8351'07  =log S107 = log 835107 - 2. 


Thus, the logarithms of all the numbers here differ from 
the logarithm of 835107 by a whole number in each case 


and so must have their decimal parts, z.c., their mantissa 
; the same as that of log 835107. 


F In fact, numbers formed of 
order differing onl 
-must have their rai 
so must have th 
“number. 


he same digits in the same 
ly in the position of their decimal points, 
tios equal to an integral power of 10 and 
eir logarithms differing only by a whole 


; Hence the result, 


The two theorems 
teristic of the logarit: 
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account the digits of which the number is formed, without 
taking any notice of the position of the decimal point in it. 
In logarithmic tables, only the mantisse of the loga- 
rithms of numbers are therefore given. 
These constitute the special advantages of the common 


system of logarithms. 


78. Examples worked out. 


Ex. 1. Simplify 
4/5. 2/2 
log sis, ,/2) 
log 2=°30103 and log 3="4771213. 
3 oto 


gs peas 
(18.2%) 


and find its value, given 


The given exp. =lo: 


108 4 
=log 4 10° = log 108 tog (2? 3" ) 
oF 0.3% 


=4 log 10- i 92° + log 3 8) 
=t log 10-4$ log 2-% log 3 
and its value is 
— 38(30103) - 3 (4771218) 
='95 —'1956695 — °3180809 
= —1+°7362496 
=1°7362496. 


Note. log 5=log 7P=log 10—log 2=1—log’2 and hence log 5 is 


deducible from log 2. 
Ex. 2. Prove that 
7 log 48-2 log $$ +8 log Sa=log 2. 
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The left-hand expression 
=log ('s°)? — log (32)? +1og (83)8 
(Ap)? x ($3)8 
(34)* 


10g {(3:)" zt Ga) * ae } 


=log 


107 gr3 3? x gio 
me (52s *10® x 9° * “qo } 
=log 2. 
Alternative method : 


Left side 
=T(log 10 —log 9)— Q(log 25 


—log 24) + 8(log 81 —log 80) 
= Tlog (5 x 9) - log 3°} -9f 


log 5° —log (8 x 98)} 
+ 8flog 34 —log (5 x 24) 
=Tlog 5+log 2-9 log 3}—2f9 log 5—log 3~8 log 9} 


+ 3{4 log 8-log 5-4 log Q} 
=log 2. 


Ex. 3. ' Find the » 
log 2="30103, 
We have 
log 4*° =Iog 98° — 39 log 2 
= 30 x 30103 = 9°0309. 
Hence, since the characteri 
consist of 10 digits. 


Ex. 4. Find approximately the 7 root of 35°28, having 


given log 2="30103, log 3="4771213, log 7="8450980 and 
log 1197°349= 30789184. 


umber of digits in 43 5 having given 


Stic of log 47° is 9, 425 must 


t 
2 2 3 
Let #=(35:99)* = eres 
then log = [9 log 7+2 log 3+3 log 
=7 [2% "8450980 +9 x ‘4771 
= "0782184 nearly. 


2-2 log 10] 
213 +8 x 30103 — 9] 
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Now, log 1197342 =3°0782184. 
log 1197342 ="0782184, having characteristic 0, 
but mantissa same as that of log 1197°342. 
Hence, «=1197342 approximately. 
Ex. 5. Obtain an approximate numerical solution of 
9%.3°* =100, having given log 2=°30103, log 8="47712. 
We have 
97 .3°= = 10%. 
. log (97.827) =log 107, 
tic, log 2+2zx log 3=2 log 10=2. 


ee 
log 2+2log 8 °30103+2x “47712 


a 
| Note, Equations of this type are called Exponential equations. 


Examples XIII(a) 
[ Use the values: log 2="80103, log 3 =°4771213, 
log 7="8450980 when required. ] 
4. Find the logarithm of (i) 1728 to the base 2/3, 
(ii) cos*a to the base sec a. 
2. Find log:o 10000. 
: 3. Show that logyo 2 lies between # and 2. 
| [G. U. 1926] 
4. Prove that 
(i) loga m X logs n= loge m logan. 
(ii) logs log » logs 16=1. 
5. If logem+logen=loge (m+n), find m as a simple 


function of ”. 
6. Prove that if a series of numbers be in G.P., their 


logarithms are in A.P. 
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7. Prove that 3 
2 log a+ 2 log a? +2 log aS + +++» +3 log a 
=n (%+ 1) log a. 
8. If @ is positive and less than unity, show that 
log (1+ 2) +log (1 +2?) +log (1+a*)+log (l+a5)+ + to © 
= —log (1-2). 
9.- Simplify 
(i) loge V6 + logs ./%. 


(ii) 12 27 + log 8 = lox 1000, 
: log 1°2 


10. Bind log.('0025)* and log (y',)"?, 
11. Prove that 

(i) loga bx logy c X loge a=1. 

(ii) loga @=logy a x loge b X loga c++ X log » m* loga n. 
12. Show that : 

(i) 7 log 48 +5 log 33+ 8 log 83 =log 2. 

(ii) 7 log 25+6 log $+5 log $+ log i$ =log 8. 
13. Extract the fifth root of 84, having given 

log 2425805 =6° 3848559. 


14. Calculate (0020736)", having given 
log 41369 = 4°6166750. 
15. Simplify 
1 \/ st 8t x je 
ng) Og . oe 5760. 
Oe T2%6: 2x6 
Gy EO a Shaving given 
log 898665 = 5°9535977. 
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16. Find the value of 64{1—(1'05)"*°}, having given 
log 24121 = 4382394. 
47. Find the number of digits in (i) 2*°, (ii) 3**, 
(ii) (640)°. ! 
18. Find the number of zeroes after the decimal point 
before the first significant digit in the expressions 


8 60 
() (1024)25. ay (eee (ii) (0859) 
£05 
19. Solve the equations 
(i) 87=2. (ii) 38°-*=7. 
Gil) 608 72 = 82258! 
(i) pat } (vy) 7#¥ x 324¥=9 \ 


ba? a gz- x g2-¥ 4 ge 20 = 3? 


20. (i) Iflog (*y®) =a, log (2)- b, find log # and log y- 


(ii) If a? +b°=7ab, show that 
log {4 (a+b) $=4 (log a+ log 0). 


log w_log y_ 108 z 
sn = = =a]y 
21. If reaper eT) show that a*y"z 


22. Why is log cue 1+log 2+log 3? 
93. Ifa, b, ¢,....-. be in G.P., show that 
loga 2, logy 2, loge ©...++1++++++ are in H.P. 
24. If ay’ *=4, ay”-> = b, ay""* =o, prove that 
(m— 1%) log at(n-1) log b+(—m) log c=0. 


aly + g-a)_ylete-u)_ 2(a + —2) 
log & log y log z 


yr =2" a 4 avy”. 


25. — 1 show that 
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79. Tables of Logarithms and Trigonometrical 
ratios. 


Several mathematical tables correct up to five places of 


decimals are given at the end of the book. An explanation 
of the table is given below. 


Table I gives the common logarithm of all numbers 
from 1 to 10000, i.¢., those which consist of 4 digits or less. 
The tabulated quantities are the mantisse only, correct to 
five places, with the decimal point dropped. The characteris- 
tic is to be supplied according to the rule given in Art. 77. 
The main body of the table gives logarithms (mantissa, part) 
of numbers of 3 digits, and the mean difference table at 
the side supplies the increment in the mantissa: due to the 
fourth digit. This increment is written, in order to save 
Space, giving the significant digits only, which are to be 
supplied with the necessary number of zeroes to make up 
5 places (here the table being a five-figure table), Thus, 


the increment in the mantissa 
, ; Hence, log 2697 will have its mantissa, 
42975 + 00115 = "4309 Again, log 2°697 has the same 
mantissa, but its characteristic is 0, Thus, log 2°697 
=0°43090, é 


Table IT gives ordinar 
referred to as natural Sines 
0" to 90° at intervals of i 
side of the top towards the rig 


The table is arranged in such 
ne of any angle given js the same as the 
cosine of exactly ementary angle, and it is on 
le table serves ag a sine as well 
n Portion of the table gives sines 
at intervals of 10’, and the difference 


as a cosine table, 


0 he main 
or cosines of angles 


LOGARITHMS 139 


table at the side gives changes in the value of the sine or 
-eosine for changes in minutes in the angles. It shculd be 
remembered that as an angle increases from 0° to 90°, its 
sine increases from 0 to 1 whereas its cosine decreases from 
1to0. Hence, the chanyes given in the difference table are 
to be added in case of sines and subtracted in case of cosines 
for the increased number of minutes in the angles. More- 
‘over, as in Table I, the numbers in the difference table are 
to be made up to five places of decimals by supplying the 
requisite number of zeroes before it. For example, using 
the table, sin 53° 23’='80212+°00052 = "80264 and cos 20° 
42' = "86892 — 00029 = "86863. 


Table III similarly gives natural tangents and cotangents 
-of angles from 0° to 90°, obtained at intervals of 1’ with the 
help of the difference table. The quantities in the difference 
table, being made up into five figures, are to be added in 
case of tangents and subtracted in each of cotangents for 
increased number of minutes in the angle. 


Table IV gives logarithmic sines and logarithmic cosines 
‘of all angles from 0° to 90° at intervals of 1’ (with the aid of 
the difference table). Logarithmic sine of angle 6, written 
as L sin @ means 10+log sin 6, and similarly, logarithmic 
cosine of 6, written as L cos @ means 10+logecos 6. In, 
taking logarithms of trigonometrical ratios of angles, it may 
be. noted that sines and cosines of angles are numerically 
less than unity, and tangents of angles between 0° and 45° 
as also cotangents of angles between 45 and 90 are less 
than unity. Hence, logarithms of these quantities are 
negative. To ayoid using negative values in the tables, 
logarithms of trigonometrical ratios are always tabulated 
after adding 10 to them. Thus, the table gives J sin @ and 
T, cos 9 (and not log sin @ and log cos 8). 


Table V gives logarithmic tangents (7.e., Z tan 6=10+ 
log tan 6) and logarithmic cotangents (é.e., L cot 0=10+ 
log cot 6) of all angles from 0° to 90°, obtained at intervals 
of 1” with the aid of the difference table. 
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80. Principle of Proportional Parts. 


Suppose we find from table I the logarithms of the two 
numbers 6257 and 6258, and we want to find the logarithm 
of 62576; or that we find from table III, tan 538° 23’ 
and tan 53° 24’, but we want to find tan 53° 23’ 90" ; on 
similarly, from table IV, we get L cos 37°42’ and L cos 87°43 
but we want to find L cos 37° 49’ 48"; how are we to 
proceed ? 


In order to meet such cases, 
tional Parts’ may be used. 
as follows : 


the ‘Principle of proper- 
The principle may be stated 


Tf the value of a quantity depending on a variable quan- 
tity « be tabulated for different values of «at regular small 
intervals, then in most cases, for a very small change in « 
(which is called the argument) the corresponding small change 


tn the tabulated quantity (called the Sunction of the argu- 
ment) is proportional to the change in x, 


We shall assume the truth of this principle ; for a strict 
proof of it, with the proper restriction under which it is 
true, depends on the use of Calculus, For the tables with 
which we are concerned, it is true for all practical purposes. 

The application of 


the principle is illustrated in the 
following examples : 


Given, log 63374 =4° 
48019180, fina log 63° 


logarithm is 2'8019136. 
Here log 63375 = 48019180 
and log 63874 = 4°8019171 


8019111 and log 63375= 
3743 and find the number whose 
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Hence, for an increase of 1 in the number, the increment 
in the logarithm is ‘0000069. (This is usually spoken as 
“diff. for 1 is 69’ ) 

Therefore, by the Principleof Proportional Parts, increase 
in the logarithm for an increase of °3 in the number is 

“3 x “0000069 = 00000207 
="0000021, up to seven places, 
Hence, log 63374°3 = 48019111 + 0000021 
= 48019132. 
log 63°3743 = 1°8019132. 

Again, 4°8019136 lies between 4°8019111 and 4'8019180, 
the differenee from the former being ‘0000025. Hence, 
4°8019136 is the logarithm of a number lying between 63374 
and 63375, say logarithm of 63374+a. 

Then, diff. for 1 being 69 (¢.e., 0000069) and diff. for 
being 25, (¢.e., “0000025), by the Principle of Proportional 
Parts, we have 

69:25::1:2 
or, ©= 25 ="36-+-+ 

Hence, log 63374'36--- = 4°8019136. 

The required number whose logarithm is 2°1019136, 
having the same mantissa, must be formed of the same 
digits arranged in the same order, and its characteristic 
being —2, the number must be 06337436-*- 

Ex, 2. (i) Given L sin 87° 48’ 50” =9'7867152 

L sin 87° 44 = 9°7867424, 
find L sin 87° 43! 56”. 
(ii) Given L tan 79° 51’ 40"=10°7475657 
L tan 79° 51’ 50"=10°7476872, 


find the angle whose L tan is 10°7476532. 
[C. U. 1921] 
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In (i) diff. (in the value of Z sin) for 10” (diff. in angle) 
= 272 (i.e., (0000272) 
hence, diff. for 6” = 3%; x 272 =163°2 z.e., 00001632 
and so L sin 37° 43’ 56"=9°7867152 + 0000163 
=9°7867315. 
In (ii) the angle whose ZL tan is 10°7476532 evidently 
lies between 79° 51’ 40” and 79° 51’ 50”, 
Let the angle be 79° 51’ 40" +2". 
Now, diff. (in the value of Z tan) for 10” (diff. in angle) 
= 1215 (i.e., (0001215) 
and diff. for 2” =875 


(.e., 0000875, being 10°7476539 — 10°7475657), 
on oe or =7°2 nearly, 


Thus, the required angle is 79° 51’ 47'"9, 

Ex. 3. Given cos 58°17’ = "5257191 and diff. for 1’ = 2474, 
find cos 58° 17’ 20", 

Here, diff. for 1’ i.¢,, 60" = 9474, 

“. diff. for 20"= $5 x 9474 =895 (nearly), 

As for increasing angle, cosine diminishes, 

+» cos 58° 17’ 90" ="5957191 — “0000825 

="6256366, 


Examples XIII(b) 
1. Given log 18°906= 12765997 


and log 18°907 = 12766226, 
find log 1890°635, 


2. Given log 69714 = 4°8433900 


log 69715 = 4°8433969, 
find log (000697145)*, 


— 
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3. Given log 37602 =4°5752109 
log 37601 = 45751994, x 
find the number whose logarithm is 1°5752086. 
4. Given log 3="4771213 
log 74008 = 4'8692787 
diff. for 1’=59, 
1 
find (09)®. 
5. Given cos 82° 16’ ="8455726 
and cos 82° 17’='8454172, 
find the value of cos 32° 16’ 24” 
and find the angle whose cosine is ‘8455176. 


6. Find tan 38° 24' 37°65", having given 
tan 88° 24’="7925902 and tan 38° 25’ ='7930640. 


7. Given D sin 44° 17’=9°8439842 
and © Z sin 44° 18’=9°84411387, 
find Z sin 44° 17’ 33". Deduce the value of 
L cosec 44° 17’ 33". 
8. Given Z sin 36° 24’=9°7733614 
DL sin 36° 25’ =9°7735827, 
find the angle whose JZ sin is 9°7734642. 
9. If D cot 53° 13’=9'8736937 
ZL cot 58° 14’ =9'8734802, 
find @ where L cot 6=9°8734523. 
10. Given Z tan 22° 37’=9°6197205 
diff. for 1’ = 3557, 
_ find the value of 
L tan 22° 37’ 29" 
and the angle whose Z tan is 9°6195283. 
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11. Prove that, 0 being any acute angle, 
LZ sin 6+ ZL cosec 02=L cos 0+ TZ sec 0 
=D tan 0+Z cot ¢=20. 
Given ZL cos 36° 40’ =9'9042411, find Z sec 36° 40’. 
13. Given Z cos 34° 44’=9°91477929 


L cos 34° 45’ =9'9146852, 
find the value of L cos 34° 44’ 97", 


12. 


14. Given Z sin 36° 40’ =9'7760897 
L cos 36° 40’ =9'9042411, 
find Z tan 36° 40’. 
15. Prove that the difference of tabular logarithms of 


any two ratios is equal to the difference of the logarithms 
‘of those, two ratios, 


16. If sin 6='8, find 0 
given log 2="3010300 
Z sin 53° 7’=9°9030136 
DT sec 36° 59’ = 10'0968916. 
17. Find the value of 
sin 84° 17’ x cos 77° 93° 
tan 27° 19’ 
given Z sin 12° 37’ =9'°3393 . 
L cos 55° 43'=9'7507 
L tan 62° 48’ =10'9891 
and log 23°94 =1°3791, 


| CHAPTER XIV 
PROPERTIES OF TRIANGLES 


| 81. In a triangle ABC, there are six parts, the three 
sides and the three angles. It is usual to denote the angles 

| of the triangle by A, B, C and the corresponding opposite 
sides by a, b, c. The six parts are not independent of one 
another. The various relations existing among them are 
deduced in the following articles. e 


| 82. In any triangle, prove that 
a b c 


| smA sinB sinC 
A A 


t 
! 
b b 


B @ DC B a ¢ DB a Cc 
Fig. (i) Fig. (ii) Fig. (iii) 


Let ABC be any triangle. From A draw AD perpendi- 
cular to BC or BC produced if necessary [ Fig. (zi) J. 
[In Fig. (i), Cis an acute angle, in Fig. (ii), Cis an obtuse 
angle, in Fig. (iii), C is a right angle. J 
From AABD, AD= AB sin ABD=c sin B. 
From AACD, AD= AC sin ACD=b sin C [ Fig. (i) ] 
or, =Osin (a-() [ Fig. (%)] 


ie., =O sin C. 


10 
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Oe ai sj) 
bsinC=csinB, i.e., fanib is O 
Similarly, by drawing a perpendicular from B upon CA, 

as 
sin A sin C 


In Fig. (iii), C is a right angle ; 


we haye 


sin A= %; sin B= os sin C=1, 
c ¢ 


Famieaibare. pte 
sind sin B sin 0 
Hence, in all cases, 
Oh aa Pa 
sin A sinB sin@ (1) 


Thus, in any triangle, 


the sides are proportional io the sines of the opposite 
angles. 


An alternative method of Proof : 


; Let O be the centre and R be the radius of the circle 
circumscribing the triangle ABC, 


; Join BO and produce it to meet the circumference in D. 
Join CD. The / BCD is then a right angle. 


From ABCD, si =BC_a. 
sin BDG BD oR 
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But ZBDC= ZA, being in the same segment. 


G < 
——=gin A, or, 


Similarly, by joining 40 and producing it to meet the 
circumference in Z, and joining CE, BE, it can be shown 


that 
_> oR ond =°5=2R 
sinB ~ sin C - 
a___b___©_ ~o9p, « (2) 


Note1. Ifangle A be obtuse, 4 and D fall on opposite sides of BC 
and ABCD being cyclic, sin BDC =sin (180°— 4)=sin A, and the same 
result follows. In case 4 is a right angle, evidently 2R=a=alsin A, 
and we got the same result. 

Noto 2. It follows from the relation (2) that 

a=2R sin A, b=2R sin B, c=2R sin C; 


sin A=pR! sin Beye sin O=aR 
83. In any triangle, to prove that 
a ‘ b2+02-a7 
a?=b?+c7—2be cos A, or, cos Sa 
2be 
2 + 2 b?2 
b2=c?+a7-2ca cos B, or, cos B= 
2452-2 
¢2=a2+b?-2ab cos C, or, cos c-2 
Take the figures of Art. 82. 
First, let C be an acute angle [ Fig. 


Geometry, 
AB? =BO0* + CA*-2BC.CD. 


Now, from AACD, CD=AC cos C=b cos C. 
| *. ¢2=a2+b*® —2ab cos C. 
| Next, let the angle’ C be an obtuse angle [ Fig. (Gi) 1; 
t 


, then from geometry, 
AB? = BC? + CA* + 2BC . CD. 


@)] ; then from 
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Now, from A ACD, CD= AG cog AGD 
=0 cos (x-C)= -d cos C. 
7 c? =a" +59 —9ab cos GC. 


Lastly, let O be a right angle [ Fig. (iii) ]; then from 
Geometry, 
AB* =BO? + CA’, 
1.es, 0° =a? +b%=42 +42 — ogy cos C, 
[*-" cos C=cos 90°=0.] 
Hence, for all values of CO, we have 
o* =a" +b* — ab cos O, 
2 2 2 
"cos O= a ae 


Similarly, the other two relations can be established. 


Obs, This theorem ex; 


Presses the cosines of the angles of a triangle 
in terms of the sides, 


84, In any triangle, to prove that 
a=b cos C+c cos B. 
b=c cos A+a cos C. 
€=a cos B+b cos A. 
Take the figures of Art. 82, 
In Fig (i), where C is an acute angle, 
BC=BD+0D 
= AB cos ABD + AC cog ACD. 
“. @=ccosB+h cos C, 
In Fig. (ii), where G is an obtuse a) 
BC=BD-cpD 
= AB cos ABD- 4G cos ACD 
=e cos B—d cos (180° — Cc) 
=e cos B+b cos C, 
In Fig. (iii), where Cis a ri, 
BC= AB cos B. 


ngle, 


ght angle, 
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-. @=c cos B=c cos B+b cos C. 
[ *." cos C=cos 90°=0, ] 
Thus, in all cases, 
a=b cos C+c cos B. 


Similarly, the other two relations can be established. 
85. From Art, 83 and note of Art. 82, it follows that 


(G 
sin A_ oR _ abe, po 


US cosA b?+0%—-a* Rb? +03 =a? 
2be 
abe 1 
Similarly, tan B= R° hate , 
tan 0=22_, 1 


86. Trigonometrical ratios of half angles of a tri- 
angle in terms of the sides. 


Tere Fo 
We have, 2sin* 4 =1-cos 4-1-Ptena, 
— 2be—b*? = 0c? +a* _ a* —(b* — 2be +07) 
2be Qbe - 
2 -(b-0)? _(a-b+oa+b-c), 
2Qbe 2be 


Let s denote the semi-perimeter of the triangle ; 
then 2%s=atbt+e. 
Now, a-b+c=at+b+c-2b=23—2b=As— db), 
atb-c=atb+ce-2c¢=9s —2¢=A(s—c). 
-b =o) 
Hence, 2 sin* > A a get on 


4 _(6= oe a) - o), 
bolas sin 


iw sin4 4: (CHES, 
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The positive value of the square root must be taken ; 
for A; being an angle of a triangle, is less than 180° ; and 
hence, 44 < 90° and consequently, sin $A must always be 
positive. 


Again, 2 cos? 4 =1+cos A 
b?+07-a? _Abo+b? +07 -a? 
eee ohne Qbe 
=(b+e)*—a* _(b+c+a)(b+e~a) 
Qbe 2be, 


Now, b+c-a=a+b+c-2a=2s—2a=2(s—a). 


2A _ 28.a(s—a) . 2A _s(s~a), 
2 cos Qh” ues COS Fe 
z A_ /s(s—a), 
oe Ce 9 rice 1 


Here also the positive value of the square root must be 
taken ; for 44 being less than 90°, cos $4 is always positive. 


Again, tan 4 =sin A cos es 


2 2 
= ,/@=vle=0, s (s—a) 
be bc 
= ,/&=bNs=c), 
s (s—a) 
Similarly, the trigonometrical ratios of 2 , g can be 


obtained in terms of the sides. 


Note. Without assuming the values of sin 34, cos 34, 


the value of 
tan $A can be obtained by substituting the value o 


f cos Ain terms of 


the sides from Art. 83 in the relation tan? ,4=1—008 4 
1+cos A 


and then 
extracting the square root after simplification. 2. 
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Thus, we have 


Ain a. (s—b)(s—c) 
be 
Sine: Bb (s—e)(s—a) 
ca 
. c c=me=0 | 
sin 5 = 
A_  /s(s—a) 
eos A = ,/88= 
B__ /s(s—b) 
cos 5 = 
C_ /s(s=c) 
cos 5 wf = 
A_ /(s=bs=c) 
tan 2 Sa =a) ) 
B_ /(s=e)(s-a) 
tank / s(s—b) 
C_ /(s=als—b) 
a oy s(s—c) 
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“ (1) 


e (3) 


87. Sine of an angle of a triangle in terms of 


the sides. 


eet te 
sin A=2sin> 608 5 


(s-s—0), /s(s—a), 
i an/ be be 
sin A= é Js(s—a)(s — b)(s=c). 


gimilarly, sin B= Ja(s= a)(s—b)(s — 0). 


ca 


sin C= ap Ma(s—a) -a)(s—b)(s—c). 


[ Art. 86] 
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v/s(s—a)(s—b)(s—c), being the expression for the area of the 
triangle [ See Art. 88], is usually denoted by the Greek 
letter A. Hence, the above formule may be written as 


in A=2A sin pe ?4, gin ce 2A 
sin A=7 7, sin B ta? sin ab’ 


88. Area ofa triangle. 


B Dc 


Let ABC be a triangle and let A denote its area, 
AD perpendicular to BC ; then from AACD, 
; AD=AC sin C=b sin C, 
Now, A=4z¢, AD=}ab sin CG. 
Similarly by drawing Perpendicular from B and C to 
the opposite sides, it can be shown that 


A =the sin A =hea sin B, 
Otherwise, A =hap sin C 


= tea sin B[*.* } sin C=c sn} 
= tbe sin A[*.* asin B=bsin 4] 


abe sin A= 4¢a gin B=gab sin «.._ (;) 
= 2(product of two sides) X sine of included angle. 


Again, A =15, sin A=be sin é cos 4 


= (s=b)(s—c) 3(s —a) 
ten/B=DE=9), /: oe 


= Vs(s—ay(s — b)(s=c), 


Draw 


Thus, A= 


ae ese (ii) 
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153. 
Substituting in the expression s=4 (a+b+c), 
we get 
A=1 Jatb+ob+e—a)le+a—b\a+b—o) 
=1 {2b2c?+2c7a?+ 2a7b? — a4 —b* — ot}? +++ (iii) 
Again, 


maine ain de dhe ce g abe, ee 
A=be sin A=4be. aR [ Art. 82 aR (iv) 
In some text books, S is used to denote the area of a triangle 


but to avoid confusion between S and s in writing, the symbol A 
is preferable. 


89. 


Note. 


In any triangle, to prove that 


B-C_b-c_ A. 
tan 2 SE 2 
We have, in any triangle, 


b _sinB 
c sind 
: 9 +0. BC: 
b-c_sin B—sin C_ 8 Tigeken 18 
b+c sin B+sinC QsinPtl, B-C 
2 2 
= cot BES tam BEE 
SON sg eb Bh 4 || 
=tan 9 tan 7) ie By 9 90 
BzO wha c ule SUS ere, 
ti 5 She a bt" 8 
tan > 
2 
Similarly, 
C-A_o=a B. pag ASB ab gO, 
tan = = ag cobe tan 3 arp rs 


90. ‘The three sets of formule in Arts. 82, 83, 84 have 


* been established directly from the figures. These three sets 
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‘however, are not independent, for, from any one set, the 
-other two sets can be deduced. 


For example, let us deduce the formule of Art. 83 from 
those of Art. 84. : ‘ 
By Art. 84, @=b cos C+c cos B 
b=c cos A+a cos G 
¢=acos B+b cos A. 


Multiplying these in succession by a, b and c, and 
‘subtracting the first result from the sum of 
we have, 

b? 


the other two, 


+07 -a =) (c cos A+g cos 0) +c (a cos B+b cos A) 
-a(bcos C+c¢ cos B)=2be cos A. 
be +¢7-g? 


cos 4 =~ be re similarly, for cos B, cos C, 


Note, For other cases, see Appendix. 


91. In working out identities which involve both the 
sides and angles of a triangle, it is sometimes convenient 


to express the sides in terms of the angles, or the angles in 
terms of the sides, 


Also, i 


the value of tan 4 by /(s— b)(s—c) and noting that 
\ s(s=a)(s=B)s—a)= 


A - - = = 
tan 4 (6 Xs 2 smitty, ton 2 (s—e)(s—a) 


= am 5 
tan g = (s=a)(s~2) 


A, we have 
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Again, multiplying the numerator and the denominator 


of the value of cot 4 by \/s(s— a), we have’ 
-, A_s(s—a) 
cob 9 A 
Oe re B _s(s—b) C _s(s—c) 
Similarly, cot 3 3 cot Hae 


Ex. 1. Show that in any triangle, 
a (sin B—sin 0) +b (sin C—sin A) +c (sin A-sin B)=0. 
Left side=(a sin B—-b sin A) +(b sin C—c sin B) 

+(c sin A—a sin C) 


b c 
=o0+0+0[ by Areie2, aaa -aa-ace | 
=0. 


Ex. 2. Show that in any triangle, 
asin (B—C)+b sin (O- A) +e sin (A- B)=0. 
a@=9R sin A [ by Art. 821=2R sin(B+0),[*"4+B+0=7] 
ist term of the left side=2F sin (B+ 0) sin (B-C) 
=9R (sin*B-sin*C). 
[by Ex. 2, Art. 85] 


Similarly, Qnd term=2R (sin? -sin® A) 
3rd term =2R (sin*A - sin? B). 


Now adding together the three terms, the required result 


follows. 


Ex. 3. ‘In any triangle, prove that 
B Cc 
(b-c) cor 4 + (c—a) cot 9 i (a-b) cot Fi =0. 
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Substituting the values of cot . cot ae cot 9’ 28 give 
in Art. 91, we have, the left side 


= 0-0) M4 (ea) SED (gy) 8079 oe) 


= ale ~o\(s— a) +(¢-a)(s—d) + (a—0V(5— 5) 


Ex. 4. Jf the cosines of two of the angles of a triangle 
Gre inversely Dbroportional to the Opposite sides, show that 
the triangle is either isosceles or right-angled. 


We have, by the question, 
sin A cos 4 =sin B cos B, or, sin 24 =gin 2B, 
or, sin 24—sin 9B = 0, 
or, 2 cos (4+B) sin (4-B)=0, 
*. either cog (A+B)= 0, 4.2, (4+ B)= =90°, 
2.¢., the triangle ig right- -angled ; 
or, sin (4—B)=0, i.e, A-B=0, i.e, A=B, 
t.¢., the triangle is isosceles, 


Ex. 5. Tf the sides of a triangle are in A.P., show that 


B CG e 
cot 4 cot a * cot g Wem dA. P, 
cot 4 cot 2 cog are in A. P,, 


aes re 
it cot 2 ~ cot g cots ~ cot > 
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F 3p 88=0) _sls—a) _sls—c) _ s(s-8), 
a A A A A 
tie, if (s—b)—(s—a)=(s—c)—(s—d), 
Oe rhe a-b=b-c, 


ze, if a,b,c arein A.P. 


Ex. 6. Show that 
b? sin 2C+c* sin IB=4A. 
Left side=b*.2 sin C cos C+c*.2 sin B cos B 
=2b sin 0.b cos C+ 2c sin B.c cos B 
=2b sin C (b cos C+c cos B) 
[*-’ csin B=d sin C] 
=2ab sin C [ by Art. 84] 
=4.40b sin C=4A. [by Art. 88] 


Examples X1V(a) 


In any triangle, prove that (Hx. 1 to 21) :— 
B-0,b-¢ 4, 


1. sin—>— a Q 
B-C_bte. A. 
2. cos ee eo 


3. (b+c) cos A+(ct+a) cos B+(a+b) cos CO=atbte, 


atb_ ALtiBiepAskD) 
4, =o fan 3 cot 3 


5. a? +b2+c7=2(be cos A+ ca cos B+ab cos 0). 


6. (b+c-a) ton 4=(0+a-2) tm 2=(a+5-0) tan c. 


8 


10. 


21. 


22. 
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asin (B-C)_b sin (C-A)_csin(A-B). 


b2= 0" c*-a* a” —b* 
a* (sin?B-sin®C) +b? (sin?C — sin? A) 
+c¢?(sin? A - sin? B) =0. é 
a (cos? B— cos*C) +b? (cos*CG — cos? 4) 
+c® (cos? —cos*B)=0. 


a’ sin (B- C) b? sin (C- A) ao sin (A -B) “ 
sin B+sin ae sin@+sin A sin A+sin B 


Me BEC B). O= A 
asin sin > +0 sin’) sin 3 
ar) Ora A= "2 
+c sin sin =0: 
p2- 
mae sin 2 ato sin 2B+% Sits Bide 0. 


a® sin (B-C)+b° sin (C- A) +03 sin Re: 
a° cos (B- C)+b° cos(C- A)+c® cos (A — B)=8abe. 
a* sin (B- C) ,. b* sin (C- 4), c? sin (A-B) _ 


sin A sin B sin C a” 
(6? ~c?) cot A+(c? —a*) cot B+ (a? — b?) cot C=0. 
Decne c*—a? a* —b? 


. ree ; om ant 
cos B+cos G cos O-+cos A cos A-Feos B e 


(s-a) tan‘ =(s-2) tan % =(s-<) tan c. 


GG By GS ee 
2 B cos gt 7 08 90: 
be cos? 4 tea cos® Raab cos? C= a7 
a 
aos at 5 cos® Be 4 


If A be 60°, show that b+c=2a cos Be 
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23. Show that a triangle having its sides equal to 3, 5, 7 
is an obtuse-angled triangle and determine the obtuse angle. 
24. Given (a+b+c)(b+c—a)=8be, find A. 
25. If ct -—2(a? +b*)c® +a* +a7b* +b* =0, prove that 
C=60", or, 120°. 
26. Ifa*+b*+c*=2c? (a2 +b*), prove that 
* ©=465°, or, 185°. 
27, The sides of a triangle are 27 +8, a° + 3x +8, x? + Qn 3. 
show that the greatest angle is 120°. 


ele a mene 
28. MS pame fone To meg es show that C=60°. 


29. If a=2b and A=38B, find the angles of the triangle. 


30. If the cosines of two of the angles of a triangle aro 
proportional to the opposite sides, show that the triangle is. - 


isosceles. 


one show that the triangle is isosceles. 
32. it (a2 +b?) sin (4-B)=(a®—b*) sin (A+B), prove: 
that the triangle is either isosceles or right-angled. 
33. If (cos 4+2 cos C): (cos 4+ 2 cos B)=sin B:sin C, 
prove that the triangle is either isosceles or right-angled. 
34, If a?, 6%, c® be in A.P., prove that cot A, cot B, 


31. Ifcos A= 


cot C are also in A.P. 


20 2A _ 3b, h . 
85. Ifacos gate cos” 97 9 show that the sides of 


the triangle are in A.P. 
36. Ifsin A: sin C=sin (4-B): sin (B-©), show that. 
a, b?, c® are in A.P. 
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-37. Ifa, b,c are in A.P., show that 
cos A cot $4, cos B cot 4B, cos C cot $C are in A.P. 
[cos A cot 34=(1—2 sin? 34) cot 44=cot t4—sin A.J 


38, Assuming A=4bcsin A and using the value of 
cos A in terms of sides, show that ° 


A= Js(s—a)(s=d)(s—o). 
39. Find the area of the triangle whose sides are 
¥ + z , z + x x —. 
Pee Se, Ce yy z 
40. Ina triangle, if a=18, b=14, c=185, find its aréa. 
Prove that in any triangle ; 
2_78 * 
41, 2 5b sin resets 
42, 4A (cot A+cot:B+cot C)=a7 +b2 +02, 
43, a cos A+b cos B+c cos C=4R sin A sin B sin C. 


44, asin BsinC+b sin Csin A+e sin 4 sin B= 3A, 


45. (asin A+} sin B+e sin c)? Z 
=(a° +b? +02)(sin?4 + sin? B+ sin®(), 
4g, °8 B cos C , 20s C cos A , cos A cos 72) al A 
be ca ab 4R* 
[ Use cot B cot C=1; ex, 2, Bx. X. ] 


b?—¢2 2_.9 2_72 
47, = cos A +2 i cos B +% =4 cos C=0, 


48, cosA, a_cosB 5b _cosC c. 
a eis b aca c Sear 


49. 4A =a? cot 4452 cot B+c* cot GC, 


a* b? c? 
50. Le Aan sa <) 


patll eo JEG 
sing sin 9 sing =A. 


PROPERTIES OF TRIANGLES 161 


92. Circum-radius of a triangle. 
From Art. 82, we have 


a feb. eathig A 
sinA sinB sin C Hib oe (@) 
_ abe _abe. (ii) 


pAtences ie 2 sin sais QbesinA 40 


93. In-radius of a triangle. 
Let I be the centre and A 
y the radius of the circle ins- 
cribed in the triangle ABC ; 
let D, B, F be the points of ¥ 
contact of the in-circle with KEN BE 
the sides BC, COA, AB respec- hs 
tively. 
Then, JD=IHL=IF =r. B D Cc 
Join IA, IB, IC. 
AABG= AIBC + AICA+ ATAB 
=4BC.ID+3CAJE+4ABIF 
=tar+ 4b + ter 
=4hr (atbdb+c)=75. 
Thus, A=7s. 


feds matt 
Again, a=BC=BD +DC 


=r cot tBt+rcot $C, from A’ IBD, ICD, 
= 7 [208 3B , cos eos 40 
sin $B sin $C. 
has [outs 3B sin $C +sin 3B cos os 4C] 
a sin $B sin in 40 
sin ($B+430) _ eeecos ee 
=Tin}BsingC sin $B sin 3C 
t ZA+EB+4C=90°, sin (}B+4C)=sin (90° -44)=cos 34. J 


il 
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in 4B sin 30 
ra sin $B'sin 40 sect —q =" +4 as 


Since, by Art. 99(i),a=2R sin A=42 sin 44 cos $4. 
“+ r=4R sin $A sin 4B sin 2C. + (ii) 

Since, from the figure, AF'= AE, BD=BF, CD=CE 
and since, the sum of these six quantities is equal to the 
perimeter, 

z AF+BD+ CD =semi-perimeter=s, 
i.e, Al'+Bo, or, Al+a=s, 
AF=s-a=4Ah, 
Similarly, BF=s-b=BD ; CE=s—c=CD, 
From AATF, IF=4RF tan IAP, 


Similarly, r=(s—b) tan 2B, 
and r=(s— c) tan 4C. 

Distances Of the in-centre from the vertices, 
From AAIF, T4= 77 cosec TAP, 
Similarly, IB=r cosec 


r=(s—a) tan ZA. 
. (iii) 


Note, 


-'. IA=r cosec 4A. 
3B and [C=y cosec 3C, 
94, Ex-radii of a triangle, 


Let I, be the centre and r, 
the radius of the escribed circle 
(opposite to the angle A) of the 
AABC ; let D, E, F be the ‘points 
of contact of the circle with 


the sides BO, and AG and AB 
produced, 


Let 72, 75 denote the radii of 
the escribed circles opposite to the. 
angles B and G respectively, 
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Now, GD=l,8=1L,F=11; join Aly, Bl, Cl. 


AABC= AI, 4B+ AI, AC- AT, BC 
=44B.I,F+4AC.1,H-4BC.1,D 
=tor, +4bri — tari 
=4r, (b+e-a)=4r: (b+ c+a-2a) 
=4r, (Qs — 2a) ; 
=r (s—a). 


Thus, A=r;, (s—a). 


oS A 
‘sa 
Similarly, r= oS + (i) 
eS 
Sn is arc 


Again, o=BC=BD+CD 
=r, cot 1,BD +11 cot I,CD, 
from A‘ I,BD, I,0D 
=r, cot (90°- 4B) +71 cot (90°- 40), 
because, 21,BD=3(180° — B)=90°- 4B, ° 
and ZI,0D=4(180° - 0)=90°-40. 
a=r, (tan 4B + tan $C) 
s. [= 4B | sin 40 


cos#B cos3C 


& [= B cos 3C 
pe cos $B cos 40 
sin ($B +4C) 
1 cos $B cos 3C 


Be Ste See 
Tl aaa cosa as in Art. 93. 


74 =a cos $B cos 40 sec $4. 
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Boos 40+sin 40 cos $B) | 
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Putting a=2R sin A=4R sin $4 cos $4, 
r, =4R sin $A cos 3B cos 4C, 
Similarly, r2=4R cos $A sin 4B cos iC, s+ (ii) 
and r3=4R cos $A cos 3B sin iC, 
Again, AH=AC+CE=b+CD [-°. CE=CD] 


and AF=AB+BF=c+BD [*. BF=BD] 

But . AH=AF; therefore, by addition, we get 
24E=b+c+BD+CD=b+c+a=9s, 
AH=s, 


Again, from AAI, E, I, E= ABE tan I, AH, 
& r,=s tan 3A. 
Similarly, re=s tan 4 : ons s+ (iii) 
and r3=s tan 40. 
Note. Distances of Ex-centres from the vertices, 
From AAI,F, I, A=1,F cosec I, AF. 


oh T,A=r, cosec 1A 
=4R cos 3B coa iC, [ by formuta (ii) ] 
Brom ABI,F, I, B=T1,7 cosoo 1, BI", 
we 1,B=r, sec 3B." ZT,Bi'=90-33 ] 
Similarly, 1,C=r, sec iC. : 


In the same way, 1,B=rz cosec 1B, 1,C=r, cosec #C. 


Ex. 1. Prove that 3 ae does 2 
Lite. ft, he 
By formula, (i), Art. 94, 


left side=®— 245-6, s—c 
left side x + £ 


A A 


= 38-(a+b+e) 35-25 _ 1 
A 


3 
LSS oa 


eet HO oe 
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Ex. 2. Prove that 4 cos 4A cos 4B cos 1C=5 
's(s—a), /s(s—d), /s(s—e) 
Left side = 4. YES Fe af: a 


= &: Js(s— a)(s— b)(s — @) 


Tone abe ao by formula (ii), Art. 92. 


Ex. 3. Show that 


be =70%3 _ CO— Ts 


ab—147 
= TiT3, 
Ta Ts 


Ts 


he 
YaTs—G—B\s—c) s(s— a). 
be- rats =F [4be — 2s (28 — 2a)] 
=} [4be-(at+bto)(b+e-a)] . 
=} [4be+a*—(b+0)*]=4 [a° =(b-0)?] 
=1 [(a+b—c)a—b+c)] =(s—d)(s—o). 


bo- rat's _(s— Ws—c) _ (s—a(s—d)(s— 2) 
i A 


Similarly, the other ratios are equal to the same quantity. 


Ex. 4. Prove that in any triangle, 
1+ A +73 -7T= . 


Left side= (4+ a A+ +(4 
eee) 


‘(s—a)(s—8) re) 
1 1 erie 
=e lecaeca* ma] [." 2s=at+b+e) 


s(s—c) + (s—a)(s—b) 
= Le eeeere iN —c) | 
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Now, Numerator = 95° —5 (g++ c)+ab 
= 25° — 5,95 + ab =ab, 
Denominator = A?2, 


Toft side= weap. 


Ex.5. If T1=Tetrstr, prove that the triangle is 
right-angled. 


From the given relation, we have 
T= Foch are, 
pret Ae Aa ae, A, 
S45 * Msmos soa 
Aa _ Al%s-b~0)_ Aa 
8(s—a)  (s—B)(s—c) (s = B)(s =c) 
vs s(s—a)=(s- b)(s —c). 


tan?44 = (8—d)s— Oh 


Gay tan $A=1, 


44=45°, *. A=90°, 


Note. Although we get tan }4= +1, we reject the negative value 
because 34 is an acute angle, 


Examples XIV(b) 


Prove that in any triangle (Zz. 1 to 14) :-— 


1. sin A+sin B+sin C= Be 


2. cos A+cos BEces C=1+ ae 


[ Use cos A+ cos B+cos C=1+4 sin 24 sin 3B sin 3C.] 
g, =o, e-a +2-b_y 
en T Ts : 


18. 
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Tats t7rst1 +7172 =8". 
r=R (cos 4+cos B+cos C—1). 
=R (cos B+ cos C—cos A+1). 


[ Use cos B+-cos C—cos A= —1+4 sin 34 cos 3B cos $C ] 
a cos B cos C+b cos C cos A+c cos Acos B=. 


a cot A+b cot B+c cot C=2 (R +7). 


[ a cot A=—"—. cos A=2R cos A. Then use Bx. 2, | 
sin A 


1 (re +7s)(rs +71 )ry +70), 
4 Tog +1371 +1172 


R 

A= ANrrirets =r" cot A cot 4B cot 40. 

(2 -2)(2 -1\(1-2)-22 - 16R 

r yl\r tel\r rs) 7787 7° (@+b+0)* 

[ A. I. 1988] 


2 
Ca 4 eee 


aw rT. Te Ts T AT To Ts 


1z (2 +13) cosec A=rq (775 +71) cosec B 
=71g (7, +72) cosec C. 


te pitythaan (be oi ga gees 8 5} 
In a triangle, a= 18, b= 14, c=15 ; find and R. 
If-a, b, c are in A.P., show that 71, 72, 73 are in H.P. 
If in a triangle, 3R = 47, show that 

4 (cos A+cos B+cos C)=7. 


If the diameter of an ex-circle be equal to the peri- 


meter of the triangle, show that the triangle is right-angled. 


[ Use r,=s tan $4. ] 
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19. ui(1-2)(1-") =o, show that the triangle must 
T2 Ts 
be right-angled. 


20. If 8R?=a°+b%+c%, show that the triangle is 
right-angled. 


21. If S be the area of the in-circle and S,, So, S, the 
areas of the escribed circles, then 


1 1 1 1 
—= ZFJo-+ + —_S>_: 
VS” V8," JS8s" Sz 
22. If any triangle, prove that the area of the in-circle 
' is to the area of the triangle as 2: cot 4 cot $B cot 4. 


23. If pi, pa, Ps are the perpendicular from the angular 
Points of a triangle to the opposite sides, show that 


teiylli iis 


Bae Ps Ds 716) Ty rs 


24. Ifa, y, zbe the lengths of the perpendiculars from 
the circum-centre on the sides BC, CA, AB of the triangle 
ABC, prove that 

18 OS 
CY 2 4ayz 


25. Ifa, y, 2 are Tespectively equal to IA, IB, IC, ana 
a, B,Y are respectively equal t 


ye 7, tan, eee 
Oe Gi) 4h Soy 


(iv) aa? + by? + ez? =abe. 


[ Use Notes of Arts. 93 and 94. ] 


0 I,A, I.B, I;C, show that ° 


a ae 


CHAPTER XV 
SOLUTION OF TRIANGLES 


95. In a triangle there are six parts, the three sides 
and the three angles. These are not independent, but are 
connected by the relations between the sides and angles of 
the triangle, which have been established in Chapter XIV. 
In fact, if three of the parts are given, the remaining three 
can, in general, be determined, and the corresponding 
triangle completely known. The cases that can arise are 
the following : 


(1) three sides may be given 

(2) three angles may be given 

(3) two sides and the included angle may be given 
(4). two angles and one side may be given 

(5) two sides and an opposite angle may be given. 


We shall discuss these cases one by one. 


96. Three sides given. 

b, c of a triangle ABC be given. 
of any two of these given sides 
jangle ABC with the three 


Let the three sides a, 


Now, provided the sum 
ter than the third, the tr 


is greal 
given sides can be geometrically constructed and the triangle 
js unique ; in other words, its angles are definite. To deter- 


mine angle A say, we may use the rigorous formula, 


ee +ce2?-a? 
cos 7 omen a , 
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and thereby determine cos A, and then from the cosine-table 
find out the angle with this cosine. It is clear that the 
angle, being an angle of a triangle, lies between 0 and a, and 
within this range an angle with a given cosine has got only 
one value. Thus the angle is definitely known. 


Here we want to make one point clear, Though the 
formula used is rigorous, the cosine-table, by means of 
which we determine the a 


only approximate values. Now, 


Yy using the Logarithmic 
tangent-table, and an angle determined from its Z tan, using 


a four-figure table is more accurate than that determined 
by using even a Seven-figure sine-table or cosine-table, Tf 


a suitable tangent formula ig available therefore; we should 
make use of it, 


Hence, for practical purposes, 


A, we use the formula 


tan ba= /@=0 


where s= 2(4+b +0), which is known, 


in this case, to determina 


Taking logarithm, and adding 10, 


We get the value of 
Z tan $4 ana therefore 4 ig known, 


Similarly, B and C are determined, 


Ppens to be equal to the tangent ‘of, 
a standard angle, 44 is at once known and the use of 
logarithm is not wanted ji 


te 
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Ex. The sides of a triangle are 2, 3,4. Find the greatest 
angle, having given 


log 2='30103, log 8= "4771213, 
L tan 52°14’ =10°1108395, Z tan 52°15’=10°1111004. 
a2t3+4 _ 9, 
Here, s 3 9 


The greatest side 4 being denoted by ‘a’, the greatest 
angle A (which is opposite to the greatest side) is given by 


$— 23 — f 10 
tat tan) Oa = a) Samal ae 
L tan }4=10+4(log 10—log 2—log 38) 

=10+4(1—°30103 - 4771218) 
= 101109244. 


Now, L tan $4 lies between Z tan 52°14’ and L tan 52°15’. 
Hence, $4 lies between 52°14’ and 52° 15’, 

Let $4=52° 14’ a", 

Then diff. fe cz" is (0000849, 

ana diff, for 1’ é.e., 60" is ‘0002609. 


2 849, _60*849_ jo 
Hence, 60 =9609° °” 9609 19°5 nearly. 
Hence, 44 =52° 14’ 195, 
or, A=104° 28’ 39" nearly. 
97. Three angles given. 
In this case the triangle cannot be solved, for there are 


innumerable triangles with the same three angles. All these 


172 INTERMEDIATE TRIGONOMETRY 


triangles, being equiangular, are similar, and the ratio of 
their sides can be determined from the formula, 


(ee c 


== ¢ , 
sind sinB sin C 


or, @:b:c=sin 4: sin B: sin G, 


Ex. The angles of a triangle are in the ratio 2:3: 7. 
Prove that the sides Gre in the ratio of J2:9: (/3+1). 
The angles being in the ratio of 2:3: 7, and their sum 
being 180°, the angles are evidently 30°, 45° and 105° 
respectively. Hence, the ratio of the sides will be 
Sin 30° : sin 45° : sin 105°, 
1,1. . J8+1 


BPS Dyapy 
or, J2:2:(J/3+1), 


te, 


Examples XV(a) 


1. The sides of a triangle are 24, 29,14; find the least 
angle, given Z tan 17° 33’=9°500049, diff. for 1’= 439, 


2. The sides of a triangle are 50, 86 and 28; find. the 
sreatest angle, having given s 
log 19= 12787536, log 29= 14623980 
L tan 51°0’ = 10'0916308, Z tan 51° 1’= 10091889], 
3. The Sides of a triangle are 9, 
angle opposite to the side 10, given 
LT tan 29° 30'=9°7526490, L 
log Q= *30103. 


10 and 11 ; find the 


tan 29° 29’ =9'7593479 
(C. 0. 1943 ] 
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5. (i) The sides of a triangle are 15, 19, 24; find the 
greatest angle of the triangle. 
Given log 5'7 ="75587, L cos 88° 59’=8'24900 
diff. for 1'=718. [G.U. 19386] 
(ii) Find the greatest angle in degrees, minutes and 
seconds in a triangle whose sides are 5, 6, 7, having given 
log 6=°7781513 
L cos 39° 14’=9°8890644, diff. for 60" = "0001032. 


6. (i) The sides of a triangle are 7,8,9; solve the 


triangle. [¢. U. 1988 ] 
(ii) Ifa=35, b=40, c=66, determine the greatest 
angle. [ G. U. 1945 ] 


[ Use Mathematical Tables ] 
7. Given a= ./6, b=2, e= /3—1; solve the triangle. 
Given a=2, b= /2,c= /3+1; solve the triangle. 
9. Ifa=7, b=5, c=8, solve the triangle. 
Given cos 88° 11’=}4. 

10. Ifa=3+ /3, b=2 ./3, c= /3, solve the triangle. 

11. The angles of a triangle are 105°, 60° and 15°; find 
the ratio of the sides. 

12, If A=45°, B=60°, show that c:a= J/38+1: 2. 

13. The angles of a triangle are as 1: 2:7; find the 
ratio of the greatest side to the least side. 

14. Ifcos A=#%, cos B=, finda: bic. 

15. If the angles adjacent to the base of a triangle are 
994° and 112}°, show that the altitude is half the base. 
If the sides of a triangle are 4, 5, 6, show that the 


16. 
greatest angle is double the least. 
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98. Two sides and the included angle given. 


Let the two sides b, ¢ and the included angle A of 
a triangle ABC be given. It is easy to construct the triangle 
geometrically, and there will be only one definite triangle 
with the given parts. To find the other angles B and C, we 
notice that 


B+C=100°- 4, 


Te eB OS noes 
Bey oO =90 3 
Again, 
fy a SO ee 
eDaa) Pa boty a 
: B-C_ b=e 4) 
“+ Ltan = >"=10+10g (ee cot % 
be 4, 
b,c, and A being given, the right-hand side is known and 
Bak. Bae 
thus, L tan “9 is known, whence 938 known. 
Now Bre and Be g being both known, by addition and 


subtraction, we get B and CG respectively, 


The reason of using tangent formula to determine a g 
is already explained in Art. 96, 


When B and C are known, the third side a is easily 
obtained from 


a b c.¢ 
4 ==>) or, =—— 
sin A sin B sin C 


Ex. Ina triangle, b= 9°95, c=1°75, A=54°, find B and 
C, having given, 


log 2="301030, L tan 68° = 10'299834 
L tan 18° 47’=9'389724, L tan 13° 48’ =9°390270. 


[ G. U. 1931] 
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Here, 
Ber OSE Ae eed ono feet na 
“g ~ 90-5 =90 —27°=63°. + (i) 
Again, 
IDG Wie Ammo) Qo 
tan B54 ¢ bg = g cot 27 
=¥ tan 63° 


L tan 2—© = 7, tan 63°-8 log 2 
= 10'292834 — "903090 
= 9°389744, 
Now, L tan 13° 47’ =9°389724 
and JZ tan 18° 48’=9°390270. 


Hence, 2 cg being 13° 47’ x” 


we get, diff, for a” = "000020 
and diff. for 1’ z.e., 60” = "000546. 
ae _ 20 20 x 60 _ y. 
6075467 OO "= 54g 7 2'2 nearly. 


Hence, 25 o=18" 47’ 9""2 nearly. 


Combining with (1), B=76° 47’ 2”"2 and 0=49° 12’ 578. 


99. Two angles and a side given. 
Let any side a ofa triangle ABC, and any two of its 
The sum of the three angles being 180°, 


angles be given. 
To find the other two sides. 


the third angle is also known. 
b and c, we use the formula 
TATA. Bhs" 
sin A sinB sin C 
Ex. InatriangleABC,4=38° 20’, B=45° and b=64 ft. 
Find c, having given log 2='30103, L sin 83° 20'=9'99705 
and log ‘(089896 = 2'95374. 
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Here, 5 
C=180°-(A+B) 
= 180° —83° 20’. 
Now, 
Se EUs 
sinC sin B 
c = ube PaeGsa 
Ts sin (180°— 83° 20’) sin 45°” 1//2 
as z 
c=2* sin 83° 20’, ' 
7. log c=+¢ log 2+ Z sin 83° 20’-10 
= (30108) + 9'99705 — 10 = 195374. 
Thus, log c has the same mantissa as log “089896, but 
has its characteristic 1. Hence, c=89'896 feet, 


=64 /2, 


Examples XV(b) 


1. Two sides of a triangle are 3 and 5 feet and the 
included angle is 120° ; find the other angles, having given 
log 4°8 = "6812412 
LT tan 8° 12! =9'1586706, diff. for 60" = 8940, 
[ C. U. 1949 J 
2. Ifb=1300, c=1400 and A=60°, find B and C. 
Given log 8="4771213, 
Ltan 3° 40’ =8°8067422, diff. for 10”= 3306. 
8. Ifa=21,b=11, C=34° 49/ 30", find A and B. 
Given log 2=°30103, 
and Z tan 72° 88’ 45”=10°50515. 
4. If the sides @ and b are in the ratio 7: 3 and the 
included angle C is 60°, find A and B, given 
log 2="3010300, log 3="4771213 
ZT tan 34° 49’ =9°8403776, diff. for 1/=2699. 


; 
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5. Two sides of a plane triangle are 14 and 11 and the 
included angle is 60°. Find the remaining angles, having 
given LT tan 11° 44’=9'3174299, LD tan 11° 45’ =9'3180640. 

[C. 0. 1922] 

6. (i) Two sides of a triangle are 80 and 100 ft. and the 

included angle is 60°. Find the other angles. [ C. U. 1946 ] 
(ii) Ifa=5,b=8,0=70° 30’, find the remaining angles. 
(iii) If @=39'9, b=43'2, C=38° 14’, solve the triangle. 

[ Use Mathematical Tables ] 

7. (i) In a plane triangle, b=540, c=420 and 4=52°6’; 

find B and C, having given 
LZ tan 26° 3'=9'6891430, 
Z tan 14° 20'=9°4074189, Z tan 14° 21'=9'4079453. 
[C. U. 1934] 
(ii) Given @=70, b=385, C=86° 52’ 12”, log3= 
0°4771213, ZL cot 18° 26’ 6"=10°4771213. Calculate the 
other two angles A and B. [ C. U. 1985, 37] 

8 Ifa=2/6,c=6-2.,/8, B=75°, solve the triangle. 

9. Two sides of a triangle are /8+1and /3—1 and 
the included angle is 60° ; solve the triangle. 

10. (i) If a=2, b6=1+ ./3, C=60°, solve the triangle. 
(ii) If a=2, b=4, C=60°, find A and B. 
41. If a=19, B=52° 28’ and C=93° 40’, find }, having 
log 27038 =4'4319746 ; log 19=1'2787536 ; 


log 27087 =4°4319585 ; 
TL sin 52° 28" = 9'8992727, L sin 33° 52’ =9°7460595. 


42. If B=45°, 0=10° and a=200 ft., find b, having given 


given 


log 2=°30103, Z sin 55° =9°9133645 
log 1726'4 = 32871414, log 1726°5 = 3°2371666. 
: [¢. U. 1947] 


12 
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We may sum up the results as follows : 
When in a triangle, 5, c, B are given, 
(i) if <c sin B, no triangle is possible ; 
(ii) if b=c sin B, we get a definite right-angled triangle 
as solution ; 
(iii) if b> c and therefore necessarily > c sin B, we 
get one definite solution having C acute ; 
(ivy) if b=c and therefore necessarily >c sin B, we 
get one definite solution having C acute. 
(y) ifb >csin B but <c, there are two solutions, 
and this case is the ambiguous case. 


101. Geometrical treatment of the Ambiguous Case. 


To make the ideas clear, we proceed to construct geo- 
metrically the triangle in which two sides and an opposite 
angle, viz., b, c and B are given. 


Fig. (iii) 
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Let ABX be the given angle B, and along one arm (of it, 
take AB=c. Let AN be the perpendicular from A on BX. 
Then a= sin B, so that AN=AB sin B=c sin B. 

With centre A and radius b draw a circle. 

Case (i). If b<c sin B, i.c.,< AN, the circle does not 
meet the side BX at all and no triangle is therefore 
obtained. [ See fig. () ] 

Case (ii). If b=c sin B, i.c.,= AW, the circle touches the 
side BX at C coincident with N, as in fig. (ii). Hence, 
a right-angled triangle is formed, in which the sides AB, AC 
and the angle B have the given values c, b, B.. Thus, ABC 
is the required triangle. 

Case (iii). If b> c, ie., > AB, the circle cuts BX at 
two points C and C’ on opposite sides of B as in fig. (iii). 
The triangle ABO’, though it has the sides AB, AC equal 
to the given quantities c and b, has the angle B not equal 
to the given angie, but equal to its supplement. Hence, it 
is not the solution required. In this case the triangle ABC 
is the only solution. S 

Case (iv). If b=, t.e., =AB, the point C’ of the above 
case coincides with B, and only one triangle ABC is obtained 


as the required solution. 

Case (v), Ifb>esinB, 10, = AN but less than c 
(or, AB), the circle cuts BX at two points C, and C, on the 
game side of B as in fig. (iv). Both the triangles ABC, and 
ABG, have the same three given parts and both are possible 


solutions. This is therefore the Ambiguous case. 


Note. By considering the equation 
b?=c?+a*—2ac cos B 
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in which 6, c, B are given, we may first of all determine a, instead of 
trying to determine C. 


Considering the equation as a quadratic in a, viz., 
a*—2c cos B.a+c?—b? =0, 
and by solving it, we get 
a=ccos B+ ,/}*—¢? sin? B. 
(i) Ifd<csin B, b?~c? sin?B is negative and thus the two values 
of a@areimaginary. (No solution ) 
(ii) Ifb=c sin B, b?—c? sin?B=0 and thus the two values of a 


are real and coincident. 


(one solution: one triangle right-angled at C, since d=c sin B ) 


(iii) If b>csin B, b?-c? sin?B is positive, so two values of a 
are real and distinct, but they are not always admissible, 

(a) When b>, {ie B27 >? (sin? B+cos?B)}, 6?—c? sin?B > 
c* cos"B, i.e, ./b2- *B >ccosB and hence one value of a is 
Positive and the other negative, ( one solution ) 

(0) When b=c, b?—c? sin?B= c?—c? sin*B=c? cos?B and hence 
one value of a is zero. (one solution ) 

(c) When d<c, i 
¢* cos*B, i.e., N= 


sy b* <c3(sin?B+cos?B), b?—c? sin?B < 
in*B <ccos B. 


So both the values of a are real and positive. ( two solutions ) 


This is known as tho algebraical discussion of the ambiguous case. 


An example illustrating the algebraic method is added below. 


Ex.1. Ina triangle, b=15 ft., c=10 ft., B=60°, Find 
@ and A having given sin 84° 44! ="99578. 


We have b? =¢? +4? — 9a cos B, giving here 
225 =100 + a° — 20a cos 60° ; 
or, @° —10a-125=0 whence 


a=5+5,/6. 
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Rejecting the negative value for a as inadmissible, the 
only possible value of a=5 (./6+1) ft. There is thus one 
solution and there is no ambiguity. In fact this is case (iii) 
of the previous article. 


: 4 pn Om AGE) WD BBE J8 
Again, sin A= 5 sin B 15 2 ae 


0 cooeea |e 
3xd eee 178205 = -995cg..: 


so A=84° 44’, 
Ex. 2. In atriangle, a=73'4, b=64'9 and B= 48°13'25" ; 
find A, having given 
log 734 =2'8656961, log 649 =2°8122447 
L sin 48° 13’ 25" =9°8725936 
L sin 57° 80’ =9°9260292 ( dif’. for 1’ =804 ) 


Ts the case ambiguous ? 


Here, eee oe 
. , asin B_ 734 «490 497 on 
sin A= > gag 82 48 18’ 25". 

Z sin A=log 734—log 649 +L sin 48° 18! 25" 
= 98656961 — 2°8122447 + 9°8725936 
=9'9260450. 

Now, diff. of this from L sin 57° 80’ =158 (¢.e., *0000158) 
and diff. for 1’ (or 60") =805 (i.e., 0000804). 


a) 


Hence, 4=57° 30’ 2” where 
a = pe whence #=11'8 neatly. 

Thus, 4=57° 30’ 11'S" or its supplement 192° 99’ 48°9” 
which has also the same sine, and so the 
same J sine. 

Now, in this case a > band so 4 >B and thus both 

values of A are admissible. The case, is therefore, the 
ambiguous case and will have two solutions. 
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Examples XV(c) 


1. Given (i) 4=30°,a=6, b=4. 
(ii) 4=60°, a=7, b=8, 
(iii) 4=45°, a=2, b=8. 
(iv) 4= 80°, a=8, D=6. 
Find in which case the solution is ambiguous, in which 
case there is one solution, and in which case there is no 
solution, 


2. (i) Ifb=2, c= /3+1and B= 45°, solve the triangle. 
(i) If¢=3,b=3 /3, A=80°, find B. 
3. Ifa=2,b= /6, B=60°, solve the triangle. 
4, Ifa=2, b=5, 4=30°, solve the triangle. 
5. Ifb,c, Bare given and if b < c, show that 
(a; - as)? +(a, +a)? tan®B=4b? 
a, and @, being the two possible values of a. 
6. In the ambiguous case, given a, b and A, prove that 
the difference between the two values of ¢ is 
2 Ja*=0 sin2d. 
7. Ifa,b, A are given, and if cy, cz are the values of the 
third side in the ambiguous case, prove that if c, > Co, 
(i) cy ~ cy =9a cos By. [B. H. U. I. 1928 J 
(ii) ¢,2+¢.2—9c,¢y cos 24.=4a? cos? A, 
LB. H. U. I. 1985; Pat. I. 1936] 


(iii) cos = 8s = sin A. [4.2 1941] 


8. Tf 6=16, c=95 and B=83° 15’, find the other 
angles ; given 
L sin 33° 15’=9'7390129, log 2="30103, 
ZT sin 58° 57’ =9°9398376, ZL sin 58° 56’ = 9°9327616. 
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9. If a=5,b=4, A=45°, find B and C ; given 
log 2=°80103, Z sin 34° 27'=9°75257. 
10. If a=30, b=300, find A in order that Bmay be 
a right angle, having given that 
L sin 5° 44’=8'9995596, diff. for 1’ = 12565. 
41. If a=16, c=25 and C= 60°, find the other angles ; 
given 
log 2="30108, log 8="4771213 
Lsin 33° 39’ =9°7436024, diff. for 1’=1897. 
42. | It b=165, c= 258, and B=35° 10’, find the angles. 
A and C ; given 
log 2°58 = "41162 


log 1°65 = "91749, 
L sin 35° 10’ =9°76039, Z sin 64° 14’=9°95452. 
=%, prove that there are two: 


13. If 2b=38a and tan? A 
f which is double the other. 


values of the third side, one © 
44, If A,, Br and 4s, By 


triangles in the ambiguous case 
sin Ay , Sin 49 <9 cos C. 


are the angles of the two. 
where }, ¢, C are given, 


wis sin B, sin Bs 
45. Show that in the case that admits of two solutions, 


the two values of 0 satisfy the equation 
3 2 ‘ 
(ato? , =a" _ 2a. [ B.H. U.T. 1942] 
j+cos0 1 
16. If log b+10=los c+ sin B, can the triangle be 


ambiguous ? 


- Miscellaneous Examples II 


In any triangle ABC, prove that (Ex. 1 to 8) :-— 
1 1 1 BGs chbactor 
1. 7008 A+ 5 cosBt 3 008 Tee enon hay 
2. (67 +¢2-a*) tan A=(c?+a7—}?) tan B 
=(a* +b? —c?) tan C. 
3. b* +c* —2bc cos(A +60°)=c2 +02 — Iq cos (B+ 60°) 


=a" +b* —2ab cos (C+ 60°). 


4. (cot $4—-tan 4B-tan 40) 
+(cot 4B—tan 40—tan hae +(cot 30 -tan $4 —-tan 4B) 


+ (cot 44 + cot 4B + cot 40)?, 
5. asin (B—C) cos (B+C-A) +b sin (C- A) 


X cos (0+ A-B)+c sin (A-B) cos (4+B-0)=0, 


@sin A+b sin B+csin O_ a wa hen ea 
Ob acosA+bcosB+ccos CG abe (at +5" +0), 
7 (b+¢-2a) sin 44 sin 4(B-C) 
+(c+a—-2b) sin $B sin $(G— A) 
+(a+b—2) sin 40 sin 4 (4-B)=0. 

8. acos A cos 24 +b cos B cos 2B +c cos C cos 20 

+4 cos A cos B cos C (a cos A+b cos B+c¢ cos C)=0. 
9. If in a triangle, a*, b?, c? are in A.P., show that 

tan A, tan B, tan C are in H.P, 


10. If ina triangle, sin A, sin B, sin C are in H.P., show 
that 1-cos A, 1—cos B, 1-cos C are in HP. 


11. Determine the triangle whose sides are three conse- 


cutive terms in the series .of natural numbers and whose 
largest angle is double the least, 
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12. If in a triangle, cos 34 +cos 3B+cos 8C=1, show 
that one angle must be 120°. 

43. If in a triangle, sin A, sin B, sin C be in A.P., 
show that tan $4 tan $0=3. 

14. Ifa=5, b=7 and A=80°, find B in degrees and 
minutes, having given 

sin 44° =0'6947, sin 45° =0'7071. 

15. Inthe ambiguous case, the area of one of the triangles 

is n times that of the other ; show that if b be the greater 


cof the given sides and c the less, 2 is less than nit 


16. In the ambiguous case, show that the circum-circles 
cof the two triangles are equal. 
17. Prove that 


i -1 (_@ cos | é\_ va (Bast —sin x8) = 

@) tan 1-@ sin al ba cos ¢ #. 

ee =y ey ate =L teats a -1 tn-1 Th =tn 
i) tan Toe TD teats) OD Leta 


=tan *é, — tan “tn. 


48. If the sum of four angles be 180°, prove that the 
gum of the products of their cosines taken two and two 
together is equal to the sum of the products of their sines 


taken similarly. 


19. Prove that cos? +cos* (4 + 2) + cos*( A - 2\ = 3 : 
3 


20. Ina triangle ABC, if tan ) tan 2. tan 3 be in 


Arithmetical Progression, then cos A, cos B, cos C are also 
in Arithmetical Progression. 
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21. Give in general terms the solutions of the following 
equation : 


tan (w7 +b) tan (@ + c)+tan (2 +c) tan (z+ a) 
+ tan (+a) tan (a@+b)=1. 
22. Iid+B+C=180°, prove that 


(a+t0n 4)(1+ton2)(1+tan ¢) 


a 4.12 ). 
=9( 1+ tan 4 ton Z tan 4 
23. Prove that 
sin*t+sin®y +sin®z+ sin® (a9 +y+ z) 
=2-2 cos (a+ y) cos (y+z) cos (z +2), 
24. Solve the following equation : 
tan @+ tan (c+ 3) + tan (2+ 22) a3, 
( Left side reduces to 8 tan 32. ] 
25. Prove that in a triangle ABO, 
+h+e)? 
fap ree Fe i 
ob 9 + cot 5 9 
26. Prove that } ° 
log sin 82=3 log 2+ log sin x +log cos ¢ 
+log cos 27+ log cos 4”, 
27. Show that in any triangle ABO, 
log tan é =4 [log (s—b) +1og (s— ¢) logs —log (5 — a)]. 
28. Prove that (i) lev = ylorx . 
(ii) aloe u—-log zy ylos 2-log x x glog x-logy — le 


29. In any tight-angled triangle ABC, C being the right- 
angle show that R+7=4 (a+). 


30. Show how to solve a triangle having given the three: 
perpendiculars from the vertices on the opposite sides, 


CHAPTER XVI 
"GRAPHS OF TRIGONOMETRICAL FUNCTIONS 


102. Changes in the Trigonometrical ratios of an 
angle as the angle increases from 0° to 360°. 


Suppose an angle traced out by a reyolving line starting 
from OX, changes gradually from 0° to 360°. 

Take a circle with centre O of any radius. Itis clear 
that in determining the trigonometrical ratios of an angle 
XOP, in its different positions, we can keep the hypotenuse 
OP, always the same, equal to the radius of the circle. 


(i) Changes in sine. 

When the angle V,0P, (=8 say) is zero, its sine is zero. 
‘As the angle increases from 0° to 90°, the hypotenuse OP, 
remaining the same, the opposite side P,N, is positive and 
gradually increases, as is evident by comparing the triangles 
NOP; and NOP. 
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Hence, sin@= OP * gradually increases, until when 
a 


§=90°, P.N2 and OP, both coincide with OY and sin @ 
attains its greatest value 1. 


As @ still further increases, from 90° to 180°, the hypote- 
nuse OP, retains the same value, but P,;N, remaining 
positive, now gradually diminishes from OY to zero, and so 
sin diminishes from 1 to 0. In the third quadrant, as 
6 increases from 180° to 270°, P,N, is negative and numeri- 
cally increases from zero to OY’, the hypotenuse remaining 
always positive and unaltered. sin @ is therefore negative 
and numerically increases from 0 to 1; in other words, it 
diminishes gradually from 0 to —1. In the fourth quad- 
rant, as 6 increases from 270° to 360°, P;Ns remaining 
negative numerically diminishes from OY’ to 0, and sin 6 
therefore remaining negative numerically diminishes from 
1 to 0: in other words, it increases from —1to0, The 
results are therefore as follows : 


In the first quadrant, as @ increases from 0° to 90°, 
sin 6 increases from 0 to 1. 
In the secont? quadrant, as 0 increases from 90° to 180°, 
’ sin 0 diminishes from 1 to 0. 
In the third quadrant, as 0 increases from 180° to 270°, 
sin 0 diminishes from 0 to —1. 
In the fourth quadrant, as 6 increases from 270° to 360°, 
sin 6 increases from —1 to 0. 
(ii) Changes in cosine. 


In the first quadrant, as the angle XOP, increases, ON 
diminishes, from the value of OX at @=0° to the value 0 
at 0=90', and is always positive, 


In the second 


: MY quadrant, as @ goes on increasing from 
90° to 180°, ON, 


increases numerically from 0 to OX’ butis 
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negative. In the third quadrant, ON, remains negative, 
but diminishes numerically from OX’ to 0. In the fourth 
quadrant, ON; is positive and increases.from 0 to OX again. 

The hypotenuse remains always positive and is equal to 
OX or OX’ in magnitude. 


We thus come to the conclusions : 


As 0 increases from 0° to 90°, 
cos 6 diminishes from 1 to 0. 


As 0 increases from 90° to 180°, 
cos 6 diminishes from 0 to —1. 


As 0 increases from 180° to 270° 
cos 6 increases from —1 to 0. 


As 0 increases from 270° to 360°, 
cos 9 increases from 0 to 1. 


(iii) Changes in tangent. 
‘As 0 goes on increasing from 0° to 90° in the first quad- 
rant, PN, increases from 0 to OY and simultaneously ON, 


decreases from OX to 0, both remaining positive ; hence, 
PN, ; ia, Saenonie 

tan 0= ON, increases from the value G5 0 to ©, 

In the second quadrant, PN, diminishes from OY to 0: 

while ON, becoming negative, numerically increases from 


0 to OX’. Hence, tan 9= Ane is negative but numorically 


diminishes from © to 0, i.¢., increases from — © to 0. 

Immediately before 90°, tan @ is positive and very large, 
while immediately after 90°, tan @ is negative and numeri- 
cally very large. In fact, here, a8 9 passes through the 
‘value 90° from the first to the second quadrant, there is 
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-a sudden break or discontinuity in the value of tan 0, which 
suddenly passes from a very large positive value to a very 
large negative value, z.c., from the positive to the negative 
side in passing through infinity. 

In the third quadrant, both P,N, and ON, are negative 
and P,N, increases numerically from 0 to OY’ while ON, 

) PN 

decreases numerically from OX’ to 0. Hence, tan 0 = “ON, 
is positive, and increases from 0 to , 

In the fourth quadrant, P;N,; is negative and numeri- 
cally diminishes from OY’ to 0 while ON, is positive and 
increases from 0 to OX. Hence, tan o=70Ne is negative 


and numerically diminishes from © to 0, i.c., increases from 
—© to 0. 
In passing through 270°, there is another discontinuity, 
tan 0 suddenly passing from the positive to the negative side 
through infinity. 
The results are therefore as follows : 
As 0 increases from 0° to 90°, tan 0 increases from 0 to © 
As 0 passes through 90°, tan @ suddenly changes from 
APD tifoy =A 
As 6 increases from 90° to 180°, tan 6 increases from 
-—7 100 
As 6 increases from 180° to 270°, tan 0 increases from 
0 to 2 
As 0 passes through 270°, tan 6 suddenly changes from 
. +o to — 2° 
As 0 increases from 270° to 360°, tan 6 increases from 
— 2 to 0, 
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(iv) Changes in cotangent. 
From the changes in the value of the tangent the 


, 1 
changes in cot 6 fan 9 &® traced as follows : 


@ increasing from 0° to 90°, cot 0 diminishes from 
- i0 0 
increasing from 90° to 180°, cot 0 diminishes from 
0 to — 2 
As 0 passes through 180°, there is a sudden change in 
cot 6 from — © to + © 
0 increasing from 180° to 270°, cot 6 diminishes from 
+0 to 0 
@ tte from 270° to 360°, cot 0 diminishes from 
Oto - 
As 0 passes gheoner 360°, cot @ again suddenly changes 
from — © to + 
(v) Changes in secant. 


For sec 0-1» the results are as follows : 


From 0° to 90° for 6, sec @ increases from 1 to ©. 

Here, there is a sudden change from+ © to- © 

Then from 90° to 180°, sec 0 increases from — © to —1, 
From 180° to 270°, sec 6 diminishes from—1 to — =, 
Here, again there is a sudden change from— © to + ~, 
Then from 270° to 360°, sec 0 diminishes from © to 1. 


(vi) Changes in cosecant. 


For cosec 6= sary the results are as follows : 


From 0° to 90° , cosec 8 diminishes from © to 1. 
From 90° to 180°, cosec 0 increases from 1 to ©, 
Here, cosec 6 suddenly changes from+ © jo — ©, 


13 
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Then from 180° to 270°, cosec 0 increases from ) 
: —fooutou—ilis 
From 270° to 360°, cosec 6 diminishes from—1 to — ©. 


As @ passes through 360°, cosec @ again suddenly 
changes from— © to + ©, 


Note. As @ increases by complete multiples of 27 (i.e., 360°) we 
know that all the Trigonometrical ratios remain unaltered. Henco after 
860°, as @ goes on increasing, the same series of values for tho ratios 
are repeated over and over again for each complete revolution of tho 
revolving line. The trigonometrical ratios are therefore all of them 
periodic functions haying the same period Qn,* after each of which 
the same cycle of values is repeated. 


The changes traced out above, of tho trigonometrical 
ratios, may be much more clearly demonstrated to the eye 
from a study of their graphs. 


103. Graphs of Trigonometrical Functions. 
Just like algebraic functions, trigonometrical functions 


(ie., sin x, cos a, sin®2x+tan a etc.) may be conveniently 
represented by means of graphs, showing their changes with 
the change in the values of the angles. 


The method is the same as for graphs in Algebra. Two 
straight lines XOX’ and YoY’, intersecting at Sat angles 
are taken as axes of co-ordinates. Along the a-axis, the 
angles are represented on a suitably chosen scale positive 
angles along OX, and negative angles along OX’. ‘Along the 
y-axis the values of the trigonometrical functions corres- 
ponding to the angles are represented on a suitably )chosen 
scale, Positive values being measured upwards (along OY), 
and negative values downwards (along OY’). Thus, the 


abscissa and ordinate of a point stand i 
\ ( respectively for an 
angle and its trigonometrical function. ; % 


* tan 0 and cot @ have a period 7. 
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Plotting a number of points in this way and joining them 
free-hand, we got the required graph of a giyen trigono- 
metrical function. 

104. Graph of sin x or sine-graph. 

Let y=sin 2. 

Using the table of natural sines, the corresponding 
values of and y are tabulated corresponding to the values 
of a differing by 10° (the values of y being correct up to two 
places of decimals) as follows :— 


7 
e [9° —80° |—70° |—¢o° [-20" so 207 204-2 0° 


wee | m1 [a9 [oa [eet] ar ef a : 


sin @ 

% |30° | 90° 20°| 40° | sr eo" 10° 80° |2o 10" 110720" eto, 
| 

Yor | 17 | 84 | 50 | 64 |-77| “87 | 94] 98] 1 |-98| +4 "87 | etc. 

sin a 


Now, let the scale be so chosen that 1 small division 
along OX represents 10°, and 10 small divisions along OY 
represent unity.” 

The points corresponding to the tabulated values aro 
plotted on the graph paper according to the scale chosen 
and joined free-hand. 

The graph is as shown on the next page (drawn here 
between the range «= — 180° to c= +360°). 


*According to the graph paper supplied and the tange within which 
the graph is to be drawn, the scale should be Suitably chosen in each* 


individual case separately. 
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Sine-graph 
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Note1. In the table of natural sines, sines of angles from 0° to 90° 
only are available. With the help of the formule sin (—6)=—sin 0, 
sin (180°—@)=sin 8, sin (180°+6)= —sin @ etc. of Ohapter IV, however, 
the tabulation for sin @ shown above, outside the range of 0° to 90°, 
is effected. 

Similar is the case of tabulation for other graphs in the following 
pages. 

Note 2. Peculiarities of the sine-graph. 

From the figure, the following features will be apparent :—(i) the 
graph is continuous, and wavy in form; (ii) the maximum value 
of sin « is +1 and the minimum yalue is —1, these values being 
attained for values of z which are odd multiples of 90°; (iii) sin 
is 0 at the origin and at points for which x isan even multiple of 


90° «.¢., any multiple of 180°; (iv) that sin (3 =2)=sin (z +2) 
sin (r—2)=sin 2, sin (—2)=—sin a, sin (x +2)=—sin @ ete. ; (v) since 
.sin (277-+a)=sin a, the portion between 0 to 27 is repeated over and 
over again on either side. 


s 


105. Graph of cos x or cosine-graph. 

Let y=cos a. 5 

Using the table of natural cosines (see Note 1 of the 
previous Article), the corresponding values of w and y are 
tabulated at intervals of 10° for x as follows :— 


2 |—90° |-so° |—70° |—60° |—50° |—40° | —80° —20° | —10° 
UROL 0 | 17 | | 50 | “64 IT | 87 | "94 | ‘98 
cos & | 

o 0°| 10° | 20° | 30° | 40° | 50°| 60°| 70° | 80° | 90° | 100° | 110° | etc. 

| 

| 

Yeon 1 |-98 |°94 | °87|°77| "64 | "50 |°34|°17| 0 |—"17|—"84| etc. 
COs w | | 
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Cosine-graph 
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Now, choosing the scale such that 1 small division along 
OX represents 10°, and 10 small divisions along OY repre- 
sent unity, the points corresponding to the above tabulated 
yalues are plotted and joined free-hand. - 

We then get the required graph, which is shown on the 
annexed page (shown here between the range —2 to +22 
of 2). 

Note. Itis apparent from the figure, that the cosine-graph és 
exactly the same as the sine-graph only shifted whole-sale backward 
{to the left) through a space of 90°. 

This is ata to the fact that sin (90°+2)=cos a, or sina=cos (~—90°) 


so that the ordinate in the sine-graph corresponding to any value of 
=the ordinate of the cosine-graph corresponding to a value of # which 


is 90° less than before. 


106. Graph of tan x or tangent-graph. 


Let y=tan a. 
Using the table of natural tangents, the corresponding 
values of @ and y are tabulated at intervals of 10° of # as 


follows :— 

F |-s0"-200 10°}20°|80°/40°) 50°| 60°) 70°| 80°| 90°) 100° |etc. 
ey | 

Y OF | _ 96] —+18)0|:18 “36 *58|"84 /1°19 |1°78 |2°75/5°67) co |—5'67|ete, 

tan @ lal Heil | 


Now, choosing the scale such that 1 small division along 
OX represents 10°, and 3 small divisions along OY represent 
unity, the points corresponding tothe above tabulated values 


aré plotted and joined free-hand. 
The graph is as shown on the next page (shown here 
between the range —= to +2z for 2). 
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Tangent-graph 
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Note. Peculiarities of the tangent-graph. 


From the figure, the following points will be apparent: (i) That 
the curve is not continuous, but consists of separate branches or 


portions, the points of discontinuities being the values of « corres- 


ponding to the odd multiples of a + (ii) As @ passes through these 


points-frem the left to the right, the value of tan x suddenly changes 
from yery large positive values on the left to very large negative 
values on the right. (iii) The lines paralled to y-axis corresponding 


to the odd multiple of 5 are continuously approached by the graph 


r actually met, Such lines are called asymptotes 


on either side, but neve! 
ranch is simply 


to the curve. (iy) Since tan (n7+a2)=tan a, each b 


a repetition of the branch from — 4 to+ 5 C 


107. Graph of cot x or cotangent-graph. 

‘As before the values of « and ¥ (=cot 2) are tabulated, 
and with the same scale as in the tangent-graph the points. 
are plotted and joined free-hand. 

The graph is shown on the next 
fo w= + 2z). 

This graph also, 
the points of discontinu: 
portion between x=0 and 
again on either side, as is 
cot (ma +a) =cot a. 


page (between t= —% 


like the tangent-graph, is discontinuous, 
ity being «=0 and w=nz. The 
a= is repeated over and over 
consequent from the formula 


408. Graph of cosec x or cosecant-graph. 


The corresponding values of @ and y are tabulated at 


intervals of 10° of x as follows :— 


30° 


10°| 20°| 80°jetc. 


i 


g0° 20° soo" a 10" te. 


| ll 
1 ‘roa pe re 
\ 


2 jetc. 0 


y or 
cosec & 


jel 
— 2°92 | “576 co eto 
| 
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Cotangent-graph 
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Cosecant-graph 
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[If the table of natural cosecants be not available, the 
table of natural sines may be used and the values of cosec x 


=3. may be calculated for different values of a. ] 


The scale is so chosen that 1 small division along OX 
represents 10°, and 3 small divisions along OY represent 
unity. 

The tabulated points are now plotted and joined free- 
hand. 


The graph is shown on the previous page (between the 
range ©= —z to = 2n), 


Note 1. This graph also consists of detached branches, the points 
of discontinuity boing 2=0 and w=nr. The value of y never lies 
between +1, being always greater than 1 or less than —1. The lines 
=n are asymptotes. The portion between «=0 to 2= 2m is repeated 
on either'side, over and over again, 


109. Graph of sec X or secani-graph. 


The corresponding values of x and y (=sec 2) are tabu- 
lated as in the case of cosecant-graph, by making use of the 


table of cosines, if a table of secants be not available, 


With the same scale as in the cosecant-graph, the 
ulated points have been plotted and joined free-hand. 


The graph is shown in the adjoining page (between the 
range ©=—z to 7=2a), 


tab: 


Note. It ig apparent fro: 
exactly the same as the cosecay 
left) through a space of 90°. 


m the figure that the secant-graph is 
mt-graph, only shifted backwards (to the 


This is due to the fact that cosec (90° + 4 


)=sec a. [See 
note below Art. 105 ] 
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Secant-graph 
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110. Graphs of other Trigonometrical Expressions. 


Graphs of other trigonometrical functions may ke 
obtained in a similar manner. 


We illustrate this by an example. 


Ex. Draw the graph of y=sina+cos e between the 
range t=0 to ~=Qn, and Jind from the graph the values of « 
Sor which (i) y= 0, (2) y as maximum, (iii) y as minimum, 

(C.U. 1934] 


From the table of natural sines and cosines, correspond- 
ing to each value of 2, the values of sin x and cos a may be 
Separately obtained and then added to give ¥ ; or else we 
may write y=sin x+cos ¢= /2 (sin & tos 32 +008 ¢ sin 42) 
= /2 sin (w+4n), and corresponding to any values of 2, 
sin (v+42) may be deduced from the sine-table, and this 
multiplied by 4/9 (=1°414) win give y. 


The Corresponding values of and y are tabulated at 


intervals of 10° of x, between the interval z=0 to a=9n . 
as follows :— 


0° | 10° | 20° 80° 


40° | 50: 60° 


70° | 80° | 90° 100° 


vata] rave 1 | "81 


170° [10° | 190° | 200° 


y | 59 | “87 | 18 |—-35 jos |-»| ="81 


SU | =vae|—1-r 
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Graph of sin # + cos & 
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| | 
@ 210° | 290° | 280° | 240° | 250° | 260° | 270° | 280° 


y -1'37| —1°41) —1°41) -1'37 -ra|-115] Sah | cil 
2 290° | 800° | 310° | 320° | 380° | 340° | 350° | 360° 
y ="b9 | —"87| —18}) 13 "87 “59 | “81 al 


The scale is chosen so that 1 small division along OX 
represents 10°, and 10 small divisions along OY represent 
unity. 

The tabulated points are now plotted and joined. The 
graph is as shown on the previous page. 

From the graph we find that (i) y=0 when #=135° and 
#= 815°, (ii) y is maximum when x= 45°, (iii) yis minimum 
when @=225°. 


111. Graphical solution of Equations. 


Trigonometrical equations, just like algebraic equations 
may be solved graphically. In fact in many practical cases, 
particularly where the solutions are not obtained in terms of 
the standard angles, the graphical method of solution is the 
only one which is found convenient and is actually adopted. 
The method is illustrated by the following examples. 


Ex. 1. Solve graphically the equation 2 sin®x=cos 22, 
giving only those solutions of x which lie between — 5 and 32. 


[C. U. 1988, 46, '48] 
We draw two graphs, namely 


y=2 sin*x (=1—cos 22) 
and y=cos 2r 


by tabulating the corresponding values of x and y for the 
two cases separately, making use of the table of natural 
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cos 2a, 


2= 


2 sin” 
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Graphical solution of 


14 
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cosines, for the range 7= — A to eer, at intervals of 10° 


2 
or 15° of z. 


With the same scale, namely, 1 small division along OX 
~ representing 10°, and 10 small divisions along OY represent- 
ing unity, we plot the tabulated values for the two cases 
in the same graph paper, and joining them, we get the two 
graphs, as shown in the adjoining page. 


We find that the two graphs intersect, and thus have 
the same abscisse and ordinates at the points for which 


am, a, de Tx 
6 6 6 6 


(SA 


Thus, 2 sin*«=cos 2x is satisfied for the values of x 
given by 
=, 2,52 2 
v= 6 6 6 and 


which are the required solutions within the range 


= 2, 32, 
9 105 


Ex. 2. Solve graphically the equation tanxz=Qa between 


2=0 and ial fa [ 0. U. 1939] 


Here, @ is supposed to be measured in radians, 
First of all we draw separately two graphs, namely 
y= see) s (i) 
and y=tan x ot ss: (ii) 
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Graphical solution of tan #=2z, 
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The corresponding values of x and y within the range 


w=0 and z= - are tabulated in case (i) as follows : 


x Obs exer | an 
(in radians) 6 3 2 


y (i.e. 2x) 
(numerical value) 


and in case (ii) as follows : 


% 0 | 4 | 22) St | ax | be! Gr] Tr | Br) x 
(in radians) 18 | 18 | 18 | 18 | 18 | is] 1s | is] 3 
y (i.e. tan a) rim | rll | : Sa lm eee oma | 38 

(numerical yalue)| © | “18 °86| “57 | -s4 1°19/1°73)2°75) 5 67| co 


Now, choosing the same scale, namely 5 small divisions 


‘ along OX to represent is 


along OY to represent unity, we plot the tabulated points 
for the two cases in the same graph paper and joining them 


radians, and 10 small divisions 


we get the two graphs within the range a=0 and w= 58 
shown in the adjoining page. 


We find that the two graphs intersect at the point 
given by «=O and also at the point corresponding to 33°5 
small divisions along OX, which, from our chosen scale, re- 


presents 7 = 385 x na radians = 1°17 radians (approximately). 
Hence, the given equation tan x= Qa is satisfied between 
z=0 and w= 3 by the values of a, namely «=0 ‘and 


x=117 (approximately), which are the required solutions 
in radians. * 
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Examples XVI 
1. Draw the graphs of: 
(i) sin 3x between x=0° to r=180°. 
(ii) tan $2 between «= —42 to =z. 


(iii) sin @ cos @ between = —2 to = +2. 


= fe ay ee old 
(iv) 20 between 9=— 5 tot 9 


cos*0 — si 2 
(y) cos (z sin x) between z=0 to a=4z. 
(vi) sin 6— ,/3 cos 0 between 6=0 to 0=2. 
(vii) 4 cosec 4a between 2=0 to w=2z. 


2. (i) Trace the changes in the sign of cos 0—sin 0 as 
@ changes from 0° to 860°. Verify your conclusions by 


a graph. ( 
(ii) Trace the changes in sign and magnitude of 
ZI OR sth 2, [B. H.U. 1931) 


9 sin 0+sin 26 

8. Draw the graph of y=sin (a + 4x) between the limits 
eS a and a= +2. 

4. Draw the graphs of sin @ and cos @ between @=0 
and 6=z.\ Find the points where the graphs intersect, 

[ C. U. 1986, '46 ] 

5. Construct the graphs of tan a and cos x between 0 

and 4x for #, making a tabulation of the values of y dividing 


the interval into 9 equal parts. 
Tf tan a=cos 2, find approximately the valne of # from 


the aboye' two graphs. [ C. U. 19483] 
6. Obtain graphically a solution of the equation tanz=1, 
between «=0 and x= $2. [¢. U. 1987] 


[ Draw the graphs of y=tan x and y=1.] 
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7. Draw the graph of cos z—sin 2 for values of 
lying between 0° and 90° and hence obtain the least value 
of cos #—sin 2z in this range. 

8. Solve graphically the equations :— 

(i) a-tan «=0, between s=0 and x=42. 

LC. U. 1945 ] 
(ii) 5 sin 0+2 cos 8=5, between 96=0° and @=270°. 
(Draw the graphs of y=5 sin 0+2 cos @ and y=5 and find the 


common points. ] LC. U. 1947] 
ii) cot @-tan 0 =2, between 0=0 and 0=z, 
[¢C. U. 1949 ] 


(iv) cosec a=cot + ./3, between «=0 and «=z, 
(v) cos =sin 22+4, between w= —432 and w= +42. 
(vi) 5-tan #=2z, between 0 and 22. 
(vii) 2 sin a+2-3=0. 
(viii) 2? =cos a, 
(ix) x=cos2z, 
[ Draw the graphs of y=cos 2x and y=2r-1.] 
9. Represent by a graph the displacement given by 
s=2 sin ¢+sin 8t. 
10. Show graphically that the equation 2 sin 2 +cos 22 
= 42 has only three real roots. 
11. Sketch the graphs : 


y=@, y=sinz, y=tan 2, in (—42, 42). From the 
nature of graphs near the origin, can you suggest any relation 
among them at the origin ? LG. U. 1952] 


CHAPTER XVII 
MISCELLANEOUS THEOREMS AND EXAMPLES 


Sec. A 
HARDER PROBLEMS ON HEIGHTS AND DISTANCES 


112. Some simple practical applications of Trigonome- 
try, dealing with easy problems on determination of heights 
and distances have already been discussed in Chapter V. 
The problems in the present section are of a more general 
character, requiring for their solutions, the general rela- 
tions between the sides and angles of a triangle, as also 
some geometrical skill. 

113. To find the height and the distance of an inacces- 
sible object standing on a horizontal plane. 


Cc fo} 
h 
A Z) Ze) 
c 
B 
Fig. (i) Fig. (ii) 


Let CD be the object, which is observed from a point A 
on ® horizontal ground, a being the observed elevation of 
its top ©. Let h be the required height CD and d the 
required distance AD of the object from A, 

Case I. If possible, measure off any suitable distance 
AB (=o) from A directly towards the object, and from B let 
the observed elevation of C be 8. 
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Then, from fig. (i), ’ 
c=AD- BD=h cot a—h cot B 
=n(228 a* cos 8) —/sin (6a), 
Sina sin B sin a sin B 


h=c sin a sin B cosec (B — a). 
Also d= AD=h cot a=c cos asin B cosec (f —a). 
Note. Each of the aboye expressions for h and dis in a suitable 
form for logarithmic computation. 


Case IT. It howeyer it is not convenient to measure 
the length AB directly towards the object, we may proceed 
as follows. 


_ Measure off the length AB( 


=c) in any suitable direction 
from A, 


From A let the observed elevation of C bea as 
before. The angles CAB and CBA are also observed from 
Aand B respectively. Let these be @ and op. 


We get from fig. (ii) in this case, 


i ee ene Cian 
sin (180° -@—¢) ~ sin (0+ ¢) 


AC=c sin ¢ cosec (6 +4). 
h=AC sin a=c sin a sin ¢ cosec (0+ 4) 


and d=AD=AC cos a=o cos a sin ¢ cosec (0+¢), 


- Note. Here also, the expressions for h and d are suitable for 
calculation by logarithm. 


114. To find the distance 
ble objects. 


Let P and Q he the ob 
required. 


e between two visible but inaccessi- 


\ 
jects whose distance apart is 
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Take two suitable points 4 and B for observation, the- 
distance between which is measured, say c. 


, 
or 


ee 


x 
stv 
*« 


A : a B 


At A, measure the angles PAQ, PAB, and QAB (the: 
second observation being unnecessary if all the four points 
P, A, B, Q are in the same plane, for in that case, 7 PAB 
= 7 PAQ+ ZQAB). Let these be 4, a and f respectively. 

At B, measure the angles PBA and Q@BA, and let them 


be 7 and 6. 
pA Cc OT ORT : 
From APAB, sinY sin (180°—-a-Y) sin (a+7) \ 


~ whence, PA=c sin  cosec (a+7). 


Similarly, from AQAB, 
@A=c sin 6 cosec (p +6). 


Lastly, from APAQ, 
PQ?=PA*? +QA* -2PA. QA. cos 8. 

Thus, PQ is determined. 

415. Some more illustrative examples of harder pro- 
blems on heights and distances are worked out below. 

Ex. 1. <A flagstaff is fived on the top of a tower stand- 
ing on @ horizontal plane. An observer walking directly 
towards the foot of the tower, observes the angle subtended 
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by the flagstaff from two positions on his path to be the same 
namely 8. The distance between these two positions is d, 
and the angle subtended by the tower at his first position is a. 
Find the height of the tower, and the length of the flagstaff. 


_——~ 


- > 


A =--d-—- 


is 1p) 
Let CD be the tower, PC tho flagstaff, whose heights 


Yequired are h and 1 respectively. A and B are the points 
of observation, 


ZPAC=Z PBC=0, the points P, A, B, C are 
concyclic, 


ZCBD= £ APC=90°— ZPAD=90°—(6+a), 
Now, 


d= AD-BD=nh cot a— h cot (CBD) 
=h {cot a—tan (9 +a) 
=h {es a_sin (0+ al 008 (9 +20) _, 
sina cos (6+a)S “sing cos (+a) 
h=d sin a cos (6 +a) sec (0+ 2a), 
Again, from AAPG, 
_t en eA: Ib d 5 
sin@ sin APC sin a cos (@+a) cos (6 + 2a) 
-. l=dsin 6 sec (0 +2a). i 
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Ex.2. A man walking towards a building, on which 
@ flagstaff is fixed, observes the angle subtended by the flagstaff 
to be greatest, when he ts at @ distance d from the building. 
Tf 0 be the observed greatest angle, find the length of the 
flagstaff, and the height of the building. 


Let QB be the pbuilding, and PQ the flagstaff. It is 
easily seen from Geometry that the point of contact A of 
a circle through P and Q touching the path of the observer 
on the ground, is the point at which the angle subtended by 
PQ is the greatest. 

Thus, ZQ4B= ZLAPQ =2 say. 

° 
Then, ZPABt ZAPB=90, 
or, 6 +9a=90°. s+ (i) 


PQ= PB- QB=4 tan (o+a)—d tan a 


Now, 
gin (0+) _ sin_ol 
ea (@+a) cosa 
SS sin 0 ae e2d:sin 0 es 
= Gos (8+4) cos a cos (@+2a)+cos 9 
=94 tan @: [ from (i) ] 


q 6 
Also, QB=d tan a=d tan (% - “). 
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Ex. 3. The angle of ‘elevation of a light at the top of 

@ distant tower from @ point 19 Ft. above a lake is 24° 55, 
and the angle of depression of its reflection in the lake is 
35° 5’. Find the height of the tower correct to two decimal 
places, having given 

log 2="30103, log 3="47719 

log 588 = 2'76938, log 589 =2°77019 

L sin 10° 10'=9'24677, 


Let L be the light at the top of the tower LM, LRO 
the ray from L, which reflected in the lake at R, reaches 
the observer O, so that OR is the direction in which the 
reflexion is Seen, and thus from the laws of reflexion, 
ZORA= ZERM=¢ (say) which is evidently equal to the 
angle of depression of the reflexion, 7.2, 35° 5/ 

Let @ de 
t.e,, 94° 55", 


note the angle of elevation of Z from 0; 


Now, from the figure, in AORTL, \ 
EERE ty ae 12 
Sin (0+ ¢) sin (¢-6) sin % sin (¢ — 9) ft. 
h=LM= RY sing — sin (0+), —sin GO" _ 
BES 1) So (s-0) 12 on (10° 10) 
= wJeuE a 


Se BE 
sin (10° 10’) ~ sin (10° 10’) 
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Hence, log kh =log (2.3%) - log sin (10° 10’) 
=log 2+ $ log 3+10-Z sin (10° 10’) 
= "30103 + $ (47712) + 10 - 9°24677 
=1°76994. 
From the given data, it is seen that 
log h lies between log 58'8 and log 58'9. 


Hence, if h=58'8 +2, diff. for “1 =1°77012 - 1°76938 
= "00074, 
and diff. for «=1°76994 — 1°76938 = 00056. 
by the theory of proportional parts, 
@ _56_. 
‘L 74 
Thus, h=658'88 ft. 


75; .. w='075='08 approximately. 


Examples XVII(a) 


1. The angles of elevation of the top of a palm tree 
standing on horizontal ground, observed from two points 
A and B, distant 40 and 30 feet from the foot, and in the 
same straight line with it are found to be complementary. 
Prove that the height of the tree is nearly 85 feet, and that 
the angles subtended at the top of the tree by the line AB is 


sin) 7 


2. The angles of elevation of an aeroplane from two 
places one mile apart and from a point half way between 
‘them are found to be 60°, 30° and 45° respectively. Show 
that the height of the aeroplane is 440 /6 yards. 

“8. A building with ten storeys, each of equal height 
« ft., stands on one side of a wide street, and from a point on 
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the other side of the street directly opposite to the building, 
it is observed that the three uppermost storeys together 
and the two lowest storeys together subtend equal angles. 
Show that the width of the street is « /140 ft. 


4. A two-storeyed building has the height of its lower 
storey 12 ft. and that of the upper storey 13 ft. Find at 
what distance the two storeys subtend equal angles to an 
observer’s eye at a height 5 feet from the ground. 


5. A vertical rod is erected in a horizontal rectangular 
field ABCD. The angular elevation of its top from A, B, 
C, D area, B, ¥, 6. Show that 

cot*a— cot? B = cots — cob?”. 


6. The angles of elevation of a bird flying in a hori- 
zontal straight line, from a fixed point at four successive 
observations are a, B, 7, 6, the observations being taken at 
equal intervals of time. Assuming that the speed of the 
bird is uniform, show that 


cot?a = cob"d = 3(cot” B — cot?7). 


7. Aman on a hill observes that three towers on 
a horizontal plane subtend equal angles at his eye and that 
the angles of depression of their bases area, B,Y. Ifa, b,c 
are the heights of the towers, prove that 


sin(-¥) , sin(y— a) e sin (a— 8) La 
@sina b sin B c sin? 


8. A gun is fired from a fort F at a distance d from 
a station O, and from two stations A and Bin a straight line 
with O and distant a and respectively from QO, the inter: 
vals between seeing the flash and hearing the report are. 
tandt’. Show that the vélocity of sound is 
(d* — ab)(a—b), 
at’* — bt” 
9. A person observes the elevation of the top of 
a telegraph post which is E. 8. E. of him to be 45°, and 
at noon, the extremity of its shadow is to the N. E. of him ; 


if the length of the shadow be x, show that the height 
of the post is a /2— 2, 


0. 
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10. A straight tree on the horizontal ground leans 
towards the North ; at two points due South and distant 
a, b respectively from the foot, the angular elevations of the 
top of the tree area and 8. Show that the inclination of 
the tree to the horizon is 

-1 a =b _}. 
vei (; cot B—b cota 


11. An observer on a carriage moving with a speed V 
along a straight road observes in one position that two 
distant trees are in the same line with him which is inclined 
at an angle 0 to the road. After a time ¢, he observes that 
the trees subtend their greatest angle #; show that the 
distance between the trees is 


2V¢t sin 6 sin ¢/(cos 0 + cos 4). 


12. A train travelling on one of two straight intersecting’ 
railways subtends at a certain station on the other line,. 
angles a and f, when the front of the first carriage and the 
end of the last carriage reach the junction respectively. 
Show that the angle of intersection of the two lines is 


-1 2sin asin B, 
sin (a~f) 
_ 13. Two vessels are sailing in parallel directions, and at 
. one instant the bearing of one from the other is a’ N. of B. 
After an hour’s sailing the bearing of the first from the 
second is Bp N. of H. and after another hour the bearing 
is ?° N. of EB. Show that the vessels are sailing in a direc- 


tion 6° N. of E., where . 
sin (a6) sin (7-8) =sin (8-4) sin (y- 6). 


tan 


44, A rod of given Jength can turn in a vertical plane 
passing through the sun, one end being fixed on the ground ; 
if the longest shadow it can cast is 8% times the length of 
the rod, calculate the altitude of the sun, having given 

log 3="47712, L cos 72° 32’ 80" =9°47712. 


45. A ship sailing N. B. is, at a particular moment, in 
a line with two light-houses, one of which is situated 5 miles 
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= —sin A (—sin B)+(-cos A)(—cos B) 
=cos 4 cos B+sin A sin B. 


4. A few particular cases of sin (A+B), cos (A+ B). 

CaseI. In the case A and B are both acute and 
(A+B) > 90°. 

Construction same as in Art. 33. Hence, Q, the foot of 
the perpendicular will fall on XO produced. 


ZTPR=90°- ZTRP= uno ZROS= A, 
sin (A+ B)=sin XOP 
=20_0T+TP 
OP OP 
=RS+PT_ RS, PT 
WORN n OP OP 
_&S OR, Pr. PR 


OR OP” PR OP 


=sin A cos B+cos TPR sin B 
=sin A cos B+cos A sin B. 


cos (A + B)=cos XOP=- ee [ Magnitude of OQ being 
é considered ] 


= _SQ-SO es -S8Q_0S _TR 
OP OP op OP” OP 
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OS OR_TR PR 


“OR OP PR OP 
=cos A cos B-sin TPR sin B 
=cos A cos B-sin A sin B. ) 
Case II. In the case A is obtuse and B is acute and 
(A+B) < 180°. 
Construction same as in Art, 33. 
Here, ZTPR=180°- ZRPQ= ZROQ=180°-A 
sin ZPR=sin A; cos TPR=-—cos A. 
Fe. OLS PT RS PT 
OP OP 
RS_ Pr _RS OR_ PT PR 


“OP OP OR OP PROP 
=sin A cos B-cos TPR sin B 


=sin A cos B+cos A sin B. 


sin (4+B)=sin X0P=5 


Yossi x 
x Q 8 (o) 
oe [ Magnitude of OQ being 
cos (A+B) =cos XOP=— op considered ] 
_ O08 +8Q _ ea _~8@Q 
OP “OP OP 


_08 OR _TR PR 


"OR OP PR OP 
=cos A cos B-sin TPF sin B 


=cos A cos B-sin A sin B. 


= 


224 INTERMEDIATE TRIGONOMETRY 


‘due N. of the other. In 3 minutes and also in 21 minutes 
‘the light-houses are found to subtend a right angle at the 
ship. Prove that the ship is sailing at the rate of 10 miles 
an hour, and that the light-houses subtend their greatest 
angle at the ship at the end of 3 ,/7 minutes. 


16. A parachute was observed in the N. E. at the eleva- 
tion 45° ; ten minutes afterwards it was found to be due N. 
at an elevation 224°. The parachute was descending at the 
rate of 6 miles per hour, and was all along drifted uniformly 
towards the west by the wind. Show that wind blows at 
the rate of 6 miles per hour. 


17. A person wishing to determine the height of distant 
temple observes the elevation of its top from a point on 
the horizontal ground through its base to be 30°. On 
walking a distance 80/3 ft. in a certain direction, he finds 
the elevation of the top to be the same as before, and then 
on walking a distance 80 ft. at right angles to the former 
direction, the elevation is found to be 45°. Show that the 
height of the temple is. 80 ft. 


18. The shadow of a telegraph post is observed to be 
half the known height of the post, and sometime afterwards 
it is equal to the known height ; how much, will the sun 
have gone down in the interval, given 

log 2="30103, Z tan 68° 26’ = 10'3009994 
and diff. for 1’=3159, 


19. The side of a hill faces due §., and is inclined to 
the horizon at an angle a. A straight railway upon it is 
inclined at an angle B to the horizon ; show that the bearing 
of the railway is 

cos * (cot a tan p) BH. of N. 


20. A spherical time-ball of diameter d at the top of 
a tower subtends an angle 2a at a point’on the grouud from 
which the elevation of its centre is 0 ; proye that the height 
of the centre of the ball above the ground is $d sin @ cosec a. 
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Sec. B—SuMMATION OF FINITE SERIES 


116. Method of Difference. 

When the 7th term of.a trigonometrical series can be 
expressed as the difference of two quantities, one of which 
is the same function of r as the other is of (r +1), the sum 
of the series may be readily found as illustrated in the 
Examples 1 and 2 below. . 


Ex. 1. Find the sum of the series 
(i) cosec 6+ cosec 20 + cosec 270 + +++ + cosec 2""*8. 
(ii) sine sine sin & 
) sin Qu sin Bu sin Basin 4x sin 4a sin 5x 
seers to m berms. 
___sin 40 
sin @ sin 30 sin 0 


_ sin (0—46) 
~ sin $0 sin 0 


(i) We have cosec 6= 


_sin 0 cos $0 —cos 0 sin 40 
sin 40 sin 0 


=cot 40—cot 4. 
Thus, cosec 8=cot 40—cot 4. 
cosec 20= cot 8 — cot 26. 


Similarly, 
cosec 2°0=cot 20—cot 2°08, 


cosec 27-20 =cob 2" 70 — cot 2”-*4. 


by addition, the required sum 
=cot $0—cot 2""*6. 
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(ii) Here, rth term 
bal Sima. 7S 
sin (7 +1) @ sin (r +2) x 
sin {(r+2)-(r+1)}} a 
~ sin (r +1) w sin (7 +9) & 
= Sin (r+) « cos (r +1) x—cos (+9) @ sin (r +1) @ 
sin (r+1) @ sin (r +2) x 
= cot (r+ 1) e—cot (7 +9) a. 


Putting r=1, 2, 3,...m and adding, the sum of the 
required series would be found to be 


cot 2a — cot (n +2) x, 


Ex. 2. Find the sum of the series 


1 FELD es che es 
tan~ 11.28 a + tan +9302? 
1 Cen 
eat L+n(n+1a* 
eet = Ct ee 
Here, rth term = tan Tire + ie 
=tan-2 1+ Den re 
or 1+(r+ Larx 
=tan™ (r+1)2—tan747a, 
+ putting r=1, 2, oad nm, we have 
tan™+ eine =tan7*2a—tan te 
(a ee eas tan™* 8a — tan19x 
1+2.32? * 
tan7+ 


© 2a = 
a a a 
T+nln+ a? tan” *(m + 1)e—tan71ne, 


-. by addition, the required sum 
=tan™* (n+1)2—-tan-12z, 
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117. Sometimes the rth term of a series, when multi- 
plied by a@ factor, can be expressed as the difference of two 
quentities one of which is the same function of 7 as the 
other is of (r +1). It is illustrated in the following two 
cases. 

(1) Sum of sines of n angles in A. P. 

Let the angles in A.P. be a,at+f, a+28,...{a+ (m—1)B} 
the first term being a, and the common difference, B. 

Let S denote the sum of the series, 

sin a+sin (a+) +sin (a +28) +++ +sin fa +(n—1)p}. 

Multiplying each term of the above series by 
2 sin (half difference) i.e., by 2 sin 8, we have, 

2 sin a sin $8 =cos (a—48) — cos (a + 48) 
2 sin (a+ 8) sin $8 =cos (a + $8) — cos (a+ $8) 
2 sin (2 + 28) sin $8 =cos si(c +8)—cos (4+ $f). 


2 sin . +(n—1)6} sin 48 
Qn-3 Qn-1 
=cos (a+ 9 *) — cos (« + >n= 19). 
Adding vertically, we have 
i B Qn-1 
2 sin $8.8 =cos (a- B)- cos (a+ a 8) 


ty ee CSewa b mB 
asin (a+ 7) 6) sin 


sin we 
~ S= sin (+2544): 
sin g 


Cor. Putting B=a, we get 
sin a+sin 2a+sin 8a+---+sin na 
NG 


sng) 3 Med, 
= apaek 


sin 9 
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(II) Sum of cosines of n angles in A.P. 
As before, let S denote the sum of the series 
cos a+cos (a+ 8) +cos (a+ 28) +-+++cos {a +(m— 1) 8}. 
Multiplying each term of the above series by 
2 sin (half difference), we have, 
2 cos a.sin $f =sin (a+ 46) —sin (a — 46) 
2 cos (a+ B). sin 38 =sin (a+ $f) —sin (a + $f) 
2 cos (2+ 28) .sin 48 =sin (¢+ $8) —sin (a + 38) 
2 cos fa +(m—1)f}. sin 48 


=sin (2 + 24s) —sin (« + “a: 


Adding vertically, we have 


2 sin $8.S=sin (c + ae +5) —sin (« - gf ) 


=2 cos (a + ""8) sin ". 


2 

sin 3 mn 

6 Se inset. 
sin 9 
Cor. Putting 6 =a, we get 
sin ™ 
cos a+cos 2a+cos 83a+++++cos na= aeons eee 

sin a d 2 


Note.“ The:sum of the cosine series may be deduced from that of 


the sine series by writing a+ al for a. 
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As an aid to memory, the two formule of this article 
may be expressed in language as follows : 
since a+ nes =ota* tine) el 
~. Sum of sines of n angles in A.P. 


._ first angle + last angle 
ups aye 


Sum of cosines of n angles in A.P. 
sin mit 


aiff. 
B} 


first angle + last angle 
Oe ae 


Cloner ae 


Note. From the aboye formule, jt is clear that if sin Bo, then 


the sum of the sine series as also the sum of the cosine series is zero. 


Now, if sin "Bo, then we kn, Or, pate, where / is an integer. 
Thus, the sum of the sines and the sum of the cosines of n angles im 
A. P. are each equal to zero when the common difference of the angles 


4 = 
is an even multiple of ae 


Ex. 1. Find the sum of n terms of the series 
sin a—sin (a+ 8) + sin (a+ 2B) — ++ 
Since, sin (a+ 6)= —sin 0 ; sin (Qa+ 6)=sin 6 ete. 
.", the series is equal to 
sin atsin (2+a+)+sin (Qn +at+2B)+ ere, 
equal to a series in which the common difference of 


6s, 
the angles is +2 and the last angleis a+ (n-1)(6 +2). 
gin M2) 
5 mi omaha (n-1(B +2) 
SaaS 2 —sin{at Oe \- 


Biles 
2 
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Ex. 2. Find the sum of the series 
sin” 0 + sin? 20 + sin® 30 + ++ + sin?n0. 
Since, sin°@ =4(1—cos 26), sin?24=4(1—cos 468), &e. 
the given series 
=4(1—cos 20) +4(1—cos 40) + +++ +3(1—cos 2n0) 


= 4 = F (cos 20+ cos 40+ +--+ + cos 2n0) 


= 5 = oe cos (m+1)0. [by Art. 117] 


Ex. 3. Sus the series 
cos a+ 2 cos (a+ 8) +8 cos (a+2f) +++ 
+n cos {a+ (n—- 1). 
Let uw denote the rth term and S denote the sum of 
the given series. 
Now, 2 cos 8. uy=2 cos B .r cos {a+ (r— 1)f} 
=r [cos (a+78) + cos fa+(r—2)p}]. 
-. putting r=1, 2, 8,...n and adding together, 
we get 2 cos B.S. 
Now, subtract 2 cos B.S from 28 ; then 
28 (1—cos )=(n+1) cos {a+(n—-1)p} 
—cos (¢-8)—n cos (a +78). 


Then, dividing by 2(1 


—cos f), S, the sum of the required 
series would be obtained 


Note. Similarly the sum of the series 


sin a+2 sin (4-+8)+3 sin (4+28)+----+n sin {a-+(n—1)f} 
would be obtained, 
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Examples XVII(b) 


Sum the following series to » terms :— 


1. 


2. 


10. 


sin atsin («— = = )+sin (.-=)+ eotece 
n n 


2 Z 
cos a+cos(a+ 72) + cos (o+%)+ aan en 
n n 


sin a—sin 2a+sin 8a— 
cos20 + cos?20 + cos"30 +:*+** 


sin°a +sin®3e+ sin’5a+<o*" 
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gin20 — sin?29+ sin®30—sin®40 + -+--** 
sinta + sin*2a+ sin*3a +++" > 
cos @—sin 20—cos 30 +sin 40 + cos 50 — sin 68 — +++" 


sin a sin 2a+sin 2a sin 3a+sin 3a sin 4a +++" 


cos a cos 8a+cos 3a cos 5atcos 5a cos Ta +--+ 


Find the sum of the following series :— 


11. 
12. 
13. 


14. 
15. 


7m 3x bz 17x 
ae ab MEAs i 
cos 9 +COS 56 19 cos 19 ++cos 


sin 


gin nat sin (n—- 


Prove that 
sin 6 6+sin | 36 +sin_ 50+: ton terms 
@) cos 8 + cos 30+ cos bot: -- to terms 


(ii) sin’a +sin* (« “p28 “| +sin® (a + “) 


=4n. 


5°+sin 77 +sin 149° + ++ +sin 293°. 


=tan 


j)a+sin (1-2Q)a+-** to Qn terms. 


no. 


+++ tom terms 


232 INTERMEDIATE TRIGONOMETRY 


Sum to 2 terms :— 
16. sec a sec 2a+sec 2a sec 8a+sec 3a sec dat: 
Mi! a rae 29” sin TRE 30 * sin 30 = oka 
“6 1 tee aes A 
* cos at+cos 3a cos at+cos 5a cosa+cos 7a 
19. cot 0 cot 20 + cot 20-cot 30+ cot 30 cot 40+ ++ 


20. tan a+2 tan 2a+4 tan 4a+8 tan Sat---- : 


{ tan a=cot a—2 cot 2a ] 


21. sin 20 sin® ay +sin 30 sin* 2 +sin 40 sin? 2 fee 


sing , sin 3e , sin 3°x 
22. 3 at 
cos 8@ cos 37x cos 3°a 


[ Ist term=% (tan 8a—tan a) ] 


cal “1 1 
T+i¢2t tan” iyo 492 


see 


23. tan7+ 


Fo ene oe 


1+3+3? 
24009 i 1) =a 
24. ps aoe fees SE Oe es 
tan [+197 tan +357 tan its? 
25. cot~* (2.17) + cot™* (2.2%) + cot7* (2.3°) +++ 


1 1 1 1 
26. tan a+ g tan 9% * oz tan gat tone 


27. cos x cos 2a cos 3+ cos 2x cos 8x cos 4a+ ++ 
28. cos 0+2 cos 20+3 cos 30 +-+++7 cos nd. 


29. ind the sums of the series :— 
(i) sina+sin 2a+sin 8a +++ to m terms 


and (ji) sin a+sin 8a+sin 5a ++ to n terms 
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and hence deduce respectively the sums of the series 
(a) 1+2+3+-* to m terms 
and (b) 1+3+5+-* to m terms. 
30. Sum the series 
tan « tan 2e+tan Qe tan 89+--+++ + tan na tan (w+ Iz 
and hence deduce the sum of the series 
L.Q+238+e° +n (n+1). 
81. If B be the exterior angle of a regular polygon of 
n sides, show that 
(i) sin a+sin (a+) +sin (a +98) ++" to m terms =(1), 
(a +f) + cos (a+28) ++" to m terms =0. 
ed in a circle 


(ii) cos a+ cos 
32. A regular polygon of » sides is inserib 
of radius @ ; prove that ‘ 
(i) the sum of the lengths of the perpendiculars drawn: 

from the angular point upon any diameter ‘is zero ; 
(ii) the sum of the lengths of the lines joining any 


. . cd 
vertex to each of the other vertices 18 Qa cot an 


———— 


Sec. C—ELIMINATION 


418. The elimination of trigonometrical functions from 
given equations js a very important and common mathema- 
tical problem. ‘There are no set rules to effect the elimina- 
tion. The form of the equations will often suggest special 
methods, and in addition to the usual algebraical artifices, 
wwe shall always have at our disposal the identical relations 
subsisting among the trigonometrical functions. 


The following examples will illustrate some useful: 
methods of elimination. 
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Ex. 1. Eliminate 6 from the equations 
@ cos O+b sin 0+c=0 
a’ cos 8+’ sin 0+c'=0, 


From the given equations, we have, by cross-multi- 
plication, 


cos 6 __ sin § pa Yet, To 
be'—b’c ca’—cla ab! —a'b 


gu 2e —d'c, patil ein eco aul 
C08 erry Ines = alp 


Squaring and adding, we get 
(bc’ — b'c)? + (ca! — c'a)? = (ab! - a’b)? 
‘as the required eliminant, 


Ex. 2. Eliminate 0 From the equations 
& sin O+y cos 0=2a sin 20 
Z cos O—y sin 6 =a cos 26. 
Solving as simultaneous equations in 7 and y, we have 
«=a (cos 20 cos 0+2 sin 26 sin 6) 
=a [cos (20-6) +sin 96 sin 6] 
=a (cos 0+2 sin20 cos 6). 
¥=a (2 sin 26 cos 0 — cos 26 sin 6) 
=a(sin 6+sin 99 cos 6)=a(sin@+ 2 sin 6 cos76). 
*. a+y=¢ (sin 6+co0s 6)(1+2 sin 6 cos 6) 
=a(sin 0+ cos 6)(sin 8+ cos 6)? =a(cos @ +sin 6)°. 
Similarly, 
%—Y=a (cos 0—sin 6)(1—2 sin 0 cos 6) 
=a (cos 6~sin 6)°, 


ELIMINATION 

a (cos 0+sin 6)=(a+y)” s+ (i) 
se 

a® (cos @-sin 6)=(e—0)* s+ (ii) 


Hence, squaring and adding (i) and (ii), we have, 
(w+ y)*+(e-1)* =2a° 
as the required eliminant. 


Ex. 3. Eliminate « and y from the equations 
a sin?xtb cos*=c, b sin*y +a cos*y=d, 


atancv=b tan y. 


From the first equation, we have 
asin2a+b cos*e=c (sin*e + cos°2). 


(a-c) sin?a=(c-2) cos". 


From the second equation, we have similarly 


} sin?y +a cos"y=d (sin?y + cos*¥)- 
d-a ‘ 
aia, tan*y=,—q° 


From the third equation, 
a? tan?a=b" tan"y. 


at(o-2)_ b=), 
i a-c = 


This, when simplified, reduces to 


i + aL Bae + Us the required eliminant. 
home RCamNG, 
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Examples XVII(c) 


Eliminate @ from the following pair of equations :— 
1. cot 6 (1+sin 6)=4a, 
cot 8 (1—sin 0)=4b, 
2. 2=a cos 0+b cos 20 
y=a sin 6+6 sin 20. 
3. oc=tan 0+tan 20 
y=cot 0+ cot 20. 
4. asin0+bcos6=1 


@ cosec 9—b sec 6=1, 

5. w=sin 0+cos 6 sin 20 
y¥=cos 0+sin @ sin 20, 

8. @+a=a (2 cos 6—cos 20) 
y=a (2 sin 0-sin 96), 

7. @=83 sin 0—sin 36 
Y=cos 30+ 8 cos 0, 

8. ®=cot 0+tan 6 
Y¥=sec 0—cos 6. 

9. @sin 8—y cos O= Ja? Fy? 
cos? sin?@ _ 1 


i] 


10. = =cos @+.cos 20 


sin 6+sin 20, 
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41. 2. - bY _2_ 52 


cos@ sin #@ 


ax sin 9, by cos 0 _ 


cos”0 sin*0 


12. cos @- 2 sin @=cos 20 
a b 


® sin 9+ cos 0=2 sin 20. 
a a) 


13. m=cosec 9-sin 0 
y=sec 0—cos 0. 

14. sin 0+cos 0=a 
sin°@+cos°@=b. 


15. = cosot+~ sing=1 
a b 


2 sin 0—y cos 0=(a" sin*0+b* cos*6) 
Eliminate 0 and ¢ from the following equations 
(Bz. 16-19) -— 
16. sin 0+sin ¢=2, cos 0+cos $=, 6-—¢=a. 
417. tan 0+tan ¢=a, cot 0+cot d=), 6+¢=a, 
48. asin20+b cos*@=a cos p+b sin?¢=1, 
a tan 6=b tan ¢, 
419, sin 0+sin $=a, cos 0+cos $=}, sin 20 + sin 24 = 2c. 
20. If (a+b) tan (0-¢)=(@—d) tan (6+¢) and 
a cos 26+ cos 20=c, show that 
a? —b? +c? =2ac cos 2¢, 


APPENDIX 


1. To prove that 
sin 6 < 6 < tan@ 


where 8 is the circular measure of any positive acute angle. 


US 


10} a 
Q 


Let AOP bea positive acute angle whose radian measure 
is 8, and let QOA be an equal angle on the other side 
of OA, With centre O and any radius, a circle is drawn 
cutting OP, OA, OQ at P, A, Q respecively. PQ is joined 
cutting OA at N. The triangles OPN and OQN are easily 
seen to be congruent, so that PN= QN and PNQ is per- 
pendicular to OA. The tangent PT to the circle at P cut- 
ting OA at T, ZOPT is a right angle. 'Q being joined, the 
triangles OPT and OQT are easily proyed to be congruent, 
so that TP=7@. 


The figure is thus symmetrical about OA, 
Then, from the figure, 


mon2N_ 1,20 
AUS aye) By Yayo 
.g=ate PA _ lare PAQ 
OP ~2 OP 
=2T_1 PT+Qr 
oro R Go = Gb 
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Now, we may take it as axiomatic that the straight line 
PQ is less than the curved are PAQ, and that the curved 
are PAQ which always bends the same way, being Within 
the triangle PTQ, is less than PT + 7Q. 


Hence, since PQ < are PAQ < PT+QT7, 


we have, on dividing throughout by 20P, 
sin # < 0 < tan 0. 


Alternative method : 
Let ABC be a circle whose centre is O and radius 7. 


Let AOB=6 radians. 

Draw BT the tangent at B to meet OA produced at 7; 
then BZ'=r tan 6. 

We know that if the angle of a sector of a circle of 
radius 7 is @ radians, its area = 4770. 

Now, from the figure it is obvious that 

AOAB < sector OAB < AOBT. 
4r? sin 6 < 47°0 < 47,7 tan 0, 
ae, sind <6 < tan é. 


Cor. Ifnow @ becomes infinitely small, we can prove 
Lt 2249 sin 6 


=1 
eSOMBROS hie 
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Lt cos 6=1, 
030 


tan 6 
@ 1. 
For, since, sin 0 < 0< tan 6, 
we get, by dividing by sin 0, 


) 1 
US Sint cos 0 


and Lt 
: 050 


This is true, however small 6 may be, provided it is 
positive. When 0 becomes infinitely small, OP and ON 
practically come into coincidence, so that 

_ON oy 
cos 6= OP ultimately becomes 1. 


Hence, Lt cos 0=1. 
030 


In that case 


L also tends tothe yaluel. But ae 
cos 0 sin 0 


always lies between 1 and 4 which ultimately come into 
‘coincidence, and so ar also ultimately coincides with 1, 


Thus, ae = 1 in the limit. 


Again, from 
sin @ < 6 < tanga, 
we get by dividing by tan 6, 


é 6 
cos 6 Seni al, 


and as 80, cos @—>1 and an always lying between 


cos @ and 1 which come into coincidence, mg =1 in the 
an 


limit, and so Lt fon 6 5 
650 6 


Hence, the results, 
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2. Formule for sin (A+B) and cos(A+B) where A and 
B are of any magnitude. ( Generalisation of Art. 33 ) 


In Article 33, formule for sin (4+B) and cos (A+B) 
svhere deduced geometrically with a figure in which 4 and B 
were acute and (A+B) less than 90°. We now prove them 
in a more general case. 


Let a revolving line, starting from OX, trace out an angle 
XOZ=A and further trace out an angle ZOP=B, so that 
the total angle traced out is (A+B). From any point P on 
the final position of the revolving line, PN and PTare 
drawn perpendiculars to OX and OZ (produced if necessary, 
as in the above figure), and from J’ perpendiculars 7'M/ and 
TR are drawn on OX and PN (produced if necessary). 


In the figure above, ZPOT=B-180°, and since PN 
and PT are perpendiculars to OX and OZ respectively, 
LTPR=ZTON= 180°- 2 XOZ, i.c., 180°- A. 


In considering sin (A+B) and cos (A+B) from the 
triangle NOP, it is to be noted that PN is negative and ON 


and OP are positive. 


If we consider only the positive magnitudes of the sides 
of the acute-angled triangle OTM, PTR and OPT, then 
PN with its proper sign may be written as —(71- PR), 


and ON with its proper sign may be written as OM+TR. 


Now, from the figure, 
‘ PN TM-PR 
sin (4+B)=o p= aoe 


16 
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2M OT, PR PT 
Of OP PT OP 
=—sin TOM cos POT'+cos TPR sin POT 
= —sin (180°— A) cos (B— 180°) ; 

+ cos (180°— A) sin (B- 180°) 
= —sin A (—cos B)+(-cos A)(—sin B) 
=sin A cos B+cos A sin B, 


Again, 

_ON_OM+RT 
cos (A+B)=55 Ophea 

= OM OT) RE Pr 


=cos TOM cos POT+sin TPR sin POT 
=cos (180°— A) cos (B- 180°) 
+ sit (180° — A) sin (B- 180°) 
=(-cos A)(—cos B)+sin A (—sin B) 
=cos A cos B-sin A sin B, 
3. Formule for sin(A-B) and cos (A-B) in a more 
general case. ( Generalisation of Art. 34 ) 


Here, XOZ measured counter-clockwise is Aand ZOP 
measured cli 


ockwise has magnitude B so that XOP measured. 
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clockwise is A-B, From P, PN and PT are drawn per- 
pendiculars on OX and OF (produced in this figure), and 
from YZ, TM and TR are drawn perpendiculars on OX 
and PN. 

In the present figure, magnitudes of the acute angles 
TOM and POT are 180°- A and B- 180° respectively, and 
noting that PNOZ is.a cyclic quadrilateral ( Z°N and 7 
being right angles), 2RPT= Z TOM=180° — A inmagnitude. 

Now, we see that in considering sin (A—B) and 
cos(A-B) from the triangle NOP, PN and ON are of 
negative sign. 


Hence, 
YP fea) ote 
sin (A - B) OP 
5 aay 


OP 
where the magnitudes of M7, PR, etc. only are considered, 
= M2, OT PR, PT 

OTROP PTS OP: 
—sin TOM cos POT—cos RP’ sin POT 
—sin (180° — A) cos (B — 180°) 

—cos (180°— A) sin (B — 180°) 

=-sin A (-—cos B)—(—cos A)(—sin B) 
=sin A cosB-cos A sin B. 


i] 


Similarly, 
cos (A =3 B) = on [ where ON is taken with proper sign ] 
= [ where magnitudes only of 
= aru RT, OM ete, are considered ] 
_ BT PT, OM OF 
PT OP OT OP 
-sin RPT sin POT+cos TOM cos POT : 
— sin (180° — A) sin (B— 180°) 
+.cos (180° — A) cos (B- 180°) 
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Case III. In the case A and B are both obtuse and 
(A-B) is acute. 

Construction same as in Art. 34. 

Here, 2TPR= ZROS=180°- A. 


sin (A - B)=sin POQ 
_PQ_ PT-RS 
OP OP 


=-PT_RS_PY PR_RS OR 


, OP OP PR OP OR OP 
=cos TPR sin POR-sin ROS cos POR 
=cos (180° — A) sin (180° — B) 
—sin (180° — A) cos (180° — B) 
=~ cos A sin B-sin A (—cos B) 
=sin 4 cos B—cos A sin B, 
cos(A-B)=cos POQ 
- 22. = OS+S8Q_ OS+RT _ OS RT 
OP OP op OP 
OS OR RT PR 


"OR PR* PR’ op 
=cos ROS.cos POR +sin TPR.sin POR 
= cos (180° — 4) cos (180° — B) 
+ sin (180° — 4) sin (180° -B) 
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=(-cos A)(—cos B)+sin A sin B 
=cos 4 cos Bt+sin A sin B. 

Note. Other particular cases of the above four formula can easily 
be proved exactly in the same way by drawing the corresponding 
figures in each case and making the same constructions as is Arts. 33 
and 34 for (4+B) and (A—B) respectively. 

5. An alternative method of proof for sin (A+B), 
cos (A+B). [See Aris. 33, 34] 


Fig, (i) Fig. (ii) 


Let ZXOY=4; ZYOZ=B; in Fig.(i), 2XOZ 
=4A+B(< 90°); in Fig. (i), Z2X0Z=A-B(A4 > B) 
{ 4 and B being positive and acute }. 

Through any point P on OY, the common arm of two 
angles, draw a straight line MN perpendicular to OY, 
meeting OX in Mand OZ in N. 

Then, AMON=AMOP+ ANOP. 

.. 40M.0ON sin (A+ B)=30M.0P sin A+30N.OP sin B 

[ Art. 88 (i) ] 
sin (4+B)=sin 4: ore ae sin B 
=sin A cos Btcos A sin B. 
24 2_ tN? 

eos (A+ B)=cos MoN=OM EON MN" | Art. 83] 
_ (OP? + PM*)+(OP* + PN*) — (MUP + PN)* 

20M .ON 
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_OP*+MP.PN 
OM.ON 
=OP OP MP PN 
OM ON OM ON 
=cos A cos B¥sin A sin B. 


6. Geometrical proof of the expansion of tan (A+B). 
The figure and the construction are the same as in Art. 33. 
tan (44+B)= 0G Geen 
RS,PT RS, PT 
EOSMOS = SOSuiOSIN 
ie ES 7 2 ae 


Os TP OS 
Now, O37 tn A and aE =tan TPR=tan A, ° 
The triangles ROS, TPR are similar. 
TP _PR_ 
OS OR” tan B 


= tan At+tan B 
ys Oo A tan B 


Note, Similarly the expansion of tan (4—B) can be proved:geo- 
metrically from the figure and construction of Art. 34, 


7. Geometrical proof of the formule for 2A, 


12 
x C N x 
Let XPY he a semi-circle, XY the diameter and € the 


centre. 
Draw PN perpendicular to XY. ‘ 
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Let ZPXY=A;then 2PCY=24, 
ZLNPY=90°- ZPYN=ZPXY=A. 
r PN _2PN_2PN_,)PN&X. 
sin 24= Gp" g0P” XY ~2XP XY 
=2sin PXN.cos PXY=2sin A cos A. 
CN _20N _20N _CN+ON 
cos 24 =>7,= 
PO 20m Xvan eee 
_(XN= XC)+(CY- YN) _XN-YN 
20% XY 
— GN 2 NEG 
KP XY PY XY 
=cos A. cos A-sin A. sin A 
=cos°A—sin*A. 
Nee Nes 2PN 
tan 24= G7 — 90N ~ XN-YN 


PN PN 
2XN °XN 
YN, YN . PN 


2 tan A _ 2tand , 


“{-tan A.tan A 1- tan °A 


8. Trigonometrical Ratios of Generalised angle 


defined by projection. 
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Let XOX’ and YOY’ be a pair of rectangular axes inter- 
‘secting at the point O and let an angle 0, of any magnitude 
(positive or negative) be generated by the revolution of OP 
from its initial position OX to its present position, Then 
the trigonometrical ratios of the generalised angle 0 are 
defined as follows : 


in 9 = Proiection of OP on y-axis 
sin @ OP 
= Projection of OP on a-axis 
cos 6 Oia 
= Projection of OP on y-axis 


rani projection of OP on z-axis 
+, OP 

cosec Cie arorection of OP on y-axis 
sec 0= oe 


projection of OP on z-axis 
‘9 — Projection of OP on z-axis 

cot = Ceara - 

Projection of OP on y-axis 


In the above definitions, projection means algebraic 
Projection ; that is we should consider not only the magni- 
tude but also the sign of the projection ; and with the usual 
convention the projection would he considered positive 
if they are along OX and OY and considered negative if 
they are along OX’ and OY’. By convention, OP is always 
considered positive. Brom these definitions, the signs of the 
trigonometrical ratios can be easily determined according 
to the position of OP in one or orther of the four quadrants. 


In the aboye figures, the position of OP in two quadrants 
only (1st and 8rd) are shown. 


Note1. From the above definitions, it is clear that if OX be 
a fixed line, and if 2 be the length of any straight line OP inclined 
at an angle 0 to OX, then the projection of OP along OX is lcos@ 
whatever be the magnitude of the angle 0. 


Note 2. The Addition and Subtraction Theorems for generalised 
angles can also be proved by the method of projection. 
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9. Two important Trigonometrical relations. 


A 


LI 
Bm D % ie} 

If D be any point in the base BC ofa triangle ABC, and 
if AD divides BC into two parts m andn (BD=m,CD= n) and 
the angle A into two parts a and B (ZBAD=a, ZOAD=8) 
and if the angle ADB be 6, then - 

(i) (m+n) cot 6=n cot B—m cot a 

(ii) (m+n) cot 6=m cot Cn cot B. 


We have 
BD _BD :AD _sin BAD sin ACD 


Mm _ 


m DO AD DO sin ABD sin DAC : 
UG ys sin EH Ox a ae 
sin (@+4) sin B LAOD=6-8. 
_sin a (sin 6 cos 6 —cos 0 sin f), 
gin B (sin @ cos a+cos@ sin a) 


Dividing the numerator and the denominator by 
gin a sin f sin 0, we have 


cot B—cot 6 


Lo 
n cot at+cot 0 


-. (m+n) cot =n cot B—m cot a. 
Again, 


m_sin BAD sin ACD 
nm sin ABD sin DAC 
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sin(6+B) sinG an pe. al 
—aing EAeeOlL ZDAC=8-C. 
sin C (sin 0 cos B+ cos 0 sin B). 
sin B (sin 8 cos C—cos 0 sin C) 
Dividing the numerator and the denominator by 
sin B sin C sin 0, we have 
m __cot B+cot 0 
‘nm ~ cot C—cot 0 
(m+n) cot 6=m cot C—n cot B. 


10. Note on Art. 90. 


Let us denote the formule of Arts, 82, 83, 84 by (1), (ID), 
(III). We have seen in Art. 90, that (IT) can be deduced 
from (III). We shall now show how any one of these can 
be deduced from any other of the rest. 


Lo deduce (I) from (III). 


Substituting the value of b from the second relation of 
Art. 84 in the first, 


a=(c cos A +a cos C) cos C-+¢ cos B. 
a (1—cos*@)=c (cos A cos C+cos B) 
=c {eos A cos C—cos (4+0)}} 
[*. d+B+C=r]} 
asin*0=csin AsinG. .*. a/sin A=c/sin C. 


Similarly, substituting the value of ¢ in the first relation, 
we get 


a/sin A=b/sin B. Hence, ete. 


Lo deduce (ID) and (IIL) from (2). 


(i) Putting each of the rat 
we get 


jos of Art.82 equal to k, 


a=k.sin A;b=k.sinB; c=k.sin CG. 
b7 +0? ~a* _ k*(sin*B +sin®*C— sin? 4) 
Qbe k* .2sin B sin C 
_sin*B+sin (0+ 4) sin (C- A) 
2 sin B sin C 


APPENDIX 253 


_ sin B {sin B+sin (C— 4)} 
2 sin B sin C 
{*. sin (C+ 4)=sin (rx-B)=sim-B] 
_sin B {sin (C+ A) +sin (C— A} 
2sinBsinC ~ 
= 2sin B sin C cos A 
2 sin B sin C 
{ii) b cos C+c¢ cos B=k (sin B cos C+sin C cos B) 
=k sin (B+C)=k sin A 
2 [s AtB+O=r] 
To deduce (I) and (IIL) from (II). 
(i) sin*4=1-cos*A 
sie ob? +c* oaks 4b?c? —(b? +c? —a7)* 


=cos A. 


Qbe 4b*c* 
— (Qbe+b? + oc? —a*)(Qbe —b* —c* +a*) 
45302 
_(atb+o(b+e-a)(c+a-b)(a+b-c) 
4b7c* 
Seats 
mrapsote 
sin*A_ 
Gin 4a been 
te K 
similarly, a B and eG g each = te3b3e® 
°4_sin om sin C aCe 
on 4 aa) e ; hence etc. : 


(ii) Adding Qnd and 38rd relations of the formule of 


Art. 88, we get 
b2 +62 =b* +07 + 2a" — Ica cos B-2ab cos C. 


Now, transposing and dividing by 2a, we get 
a=b cos C+c cos B; ete, 


Miscellaneous Examples III 


1. The angles of a triangle are as 4: 5:6. Express 
them in circular measure. y 

2. The angles of a triangle are in A.P. and the greatest 
is double the least ; express the angles in degrees, and in 
radians. 

3. The number of degrees in one of the acute angles 
of a right-angled triangle is three-tenths of the number of! 
grades in the other ; determine the angles in degrees. 

4, Compare the areas of two circles in which the circum- 
ference of one is equal to an arc of 60° of the other. 

5. A railway train is travelling on a curve of half-a-mile 
radius at the rate of 20 miles an hour ; through what angle 
has it turned in 10 seconds ? 

6. An are of a circle whose radius is 7 inches, subtends 
an angle of 15° 39’ 7" ; what angle will an are of the same 
length subtend in a circle whose radius is 2 inches ? 


Prove the following identities (Ha. 7 to 22) :— 

7. sin20 tan 6 + cos? cot 0+2 sin @ cos 9=tan 0 + cot 6. 
8. sin26 (1+ cot26) + cos?6 (1 + tan*0) = 2. 
1+sin 4 

1-sin 0 


40. 2 (sin°@ +cos°@) — 3 (sin*@ + cos*6) + 1=0, 


9. (tan @+sec 6)*= [¢. U. 1984] 


tan x— cot y 


=tan @ cot y. 
tan y,— cot & 


12. (sin cos y+cos « sin y)* 


+(cos @ cos y—sin w sin y)? =1. 


13. 
14. 


15. 
16. 
17. 
18. 
19. 


20. 
21. 


22. 


23. 
24, 


25. 


26. 


27. 


28. 
29. 
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sin*a + cos*z =1—2 sin®z cos*a. 


sin®a — cosSa =(sin?x — cos*z)(1—2 sina cos*a). 


1-sin 6 
1+sin 6 


(1+sec 0+ tan 6)(1—sec 6+ tan 6)=2 tan 0. 


=sec @—tan 6. 


cos 6 sin 2 
Oe —= sj 
T=tane Ta580 sin 6+ cos 0. 


(sin x + cos «)* + (sin #—cos x)? = 


2 secev—l 2, Sin &— qe 


COUnD iia aie (a ae 
1+sin «& “L+sec a 


(sin a+ cos a)(tan # + cot z)=sec atcosec @. 


(sin 0 + sec 6)” + (cos 8 + cosec 6)* =(1 + sec @ cosec (De 


1—sin @ cos 4 sin?@— cos" 


=sin 0. 
cos 0 (sec @ — cosec @) sin°@+cos°0 


If a cos?z+b sin*w=c, show that tan 2= + 


If cosec A +cosec B+cosec C=0, show that 
(= sin A)?=5 sin? 4. 

Ific=a cos 6+5 sin 6 and y=a sin 6-—b cos 4, 
show that #2 +y2=a"+0>. 


Tixpress Raa ar ae in terms of ¢, 
where ¢ stands for tan a. 

Tf sin A=4 and tan B= ,/8, find the value of 

sin A cos B+ cos A sin B. 
1—tan*6 
1+tan*0 
Tf 5 tan 0=4, find the value of 

5 sin 80—3 cos 8 

sin 0+ 2 cos 6 , 


If cos 0=#, find the yalue of 
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sin@_ jo ban & _ 
80. Ieee Ne oy ee 


find x and y (given that # and y are acute angles). 


81. Which of the statements is possible and which 
impossible, 2, y and z being unequal real quantities ? 


24 92 2 ABsap 
(i) eoses O= = 5 (ii) sec rer 
2 2 
CEE ate pp etd cas rela ie ae 
(iii) sin 6 aanae Ea 


32. Eliminate @ from the equations 
(i) sin 6+cos 8 =a, sin @—cos 0=b, 


ANG y. @ Vy 
we eee = w ar = 
(ii) go o+> sind=1, | sin 6 p cos O=1, 


(iii) e=a cos*0, y=b sin®d. 
33. Ifk tan 6=tan k0, prove that 
inet) 2 
sin*@ 1+(k*—1) sin®@ 
34. If sec « sec y+tan x tan y=sec z, 
then, sec @ tan y+tan x sec y= +tan z, 
35. Show that deneot 60) a= ee coeeo 
1—cot 60 1—cos 80° 


6. — sin 6—cos 6 
3 If tan 2 sin @Foos 9, Prove that 


sin 2= a (sin 6 —cos 6). 


37. Show that the product of sing (1+sin a) + 
cos #(1+cos#) and sin # (1—sin 2)+cos « (1—cos 2) is 
equal to 2 sin x cos 2. 


38. Find the height of a chimney when it is found that 
on walking towards it 250 feet, in a horizontal line through 
its base, the angular elevation changes from 45° to 75°, 
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39. The length of a kite string is 250 yards, and the 
angle of elevation of the kite is 30°. Find the height of 
tho kite. 

40. The angle of elevation of the top of a temple at 
a distance 300 feet is 30° ; find its height. 


41. Find the angle of elevation of the sun when the 
shadow of a pole 60 feet high, is 20 ,/3 yards long. 


42. The angles of elevation of a tower at two places 
due east of it and 200 feet apart are 45° and 80°; find the 
height of the tower. 

_ 48. An aeroplane leaves the earth at the point X and 

rises at a uniform speed. At the end of 15 seconds, an 
observer stationed at a distance of 660 feet from X, finds 
the angular elevation of the aeroplane to be 45°; at what 
rate in miles per hour js the aeroplane rising ? 


44, A ladder 45 feet long just reaches the top ofa wall. 
The ladder makes an angle of 60° with the wall. Find the 
height of the wall and the distance of the foot of the ladder 


from the wall. 
Ab. Ifcos A=#%, cos B=3, find the values of 
sin (A+B) and cos (A-B). 
46. Iftan A=xs and tan B=ds, find the values of 
sin (A— B) and cos (A—- B). 


47. It tan A=" =, and tan B =m find ton (4 ~ B). 


4g. If tan (w+ y)=% and tan # =4, find tan y. 
49. Ifcos 0=%, find sin 26, tan 20, cos . : 


50. If cos s=%, cos y=¥ (w and y being positive acute 
angles), find the value of cos £(2-y), 


17 
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51. Ifsin A= A sin B= Fy find the value of 
tan (4 +B) cot 4 (A-B). 
52. Ifsec e=42, cosec y =4, find sec (e+y). 


53. Prove that 


2 cos 80+1 
—$———— = _ = Q— 1 4 
CRE (2 cos 0—1)(2 cos 20 —- 1)(2 cos 40 — 1) 


54. Show that a cos 0+b sin 0= ./a?+b? cos (0-0), 


where tan a=D/a. 


55. Ifsin‘s+cos*s=1, prove that x is zero or a multi- 
ple of #z. 


56. If ./2 cos A=cos B+cos°B, 
and ./2sin A=sin B-sin°B, 
then sin (4—B)= +}. 
57. Proye that cos” (a— f) —sin® (a+ 8) =cos 2a cos 26. 
58. Show that sin 18°+cos 18°= ,/2 cos 27°. 
59. Show that whatever be the value of 0, 


sin® (6+a)+sin® (0+ 8) —2 cos (a f) sin(0 +a) sin(0 + B) 
is independent of 0, 


60. Show that 


ks sin a sin B 
) sin (a—§) sin (a—7) ¥ sin (6 —7) sin (B —a) 


Sees sink, + Mee) 
* sin a) sin Y—p) 7 

(ii) tan (6 +7 — 9a) + tan (y +a— 28) + tan (a+ p— 9») 
=tan (6 +7 - 2a) tan (y +a— 8) tan (a+B-2y). 
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61. If tan 40=tan°3¢ and tan $=2 tan a, 
show that 0+ $= 2c. 
62. (i) If tan? =2 tan2y +1, then cos 2a+ sin?y=0. 
(ii) If cos A= tan B, cos B= tan C, cos C=tan A, 
prove that sin A=sin B=sin C. 
63. Show that tan 90° tan 40° tan 80° = tan 60°. 


e4. Ifat+B +y=0, prove that 
eID Pate Ce 
cos at cos B+ cos 7 4 cos 9.008 9 8S 9 ah 


65. Ifin any triangle, tan ot cot 40, prove that 


c=(a+b) sin 40 sec ¢. 


avn 2 aan 
_@ cos b=), eee 2 
68. Theos 0-35 cos @ BOO Jarb ant 


67. Ifat+Bbt? =4n, prove that 
gin2atsin2p +sin°7 +2 sin a sin f sin? =1. 
68. Ifcos*A+ cos?B +cos*C +2 cos A cos B cos O=1, 
show that one of the quantities A+ B+ @ is an odd multiple 


of x. 
69. Show that sec <== “Jas —— 
; 2 J2+2 cos 4x 


70. Itasin (+ a)=b sin(6+8), prove that 


acos a—b cos B 
eo Oe acral ater 
b sin B-—@ sma 


nm sin a COS @ 
—g—’ show that 


7. If tan B= "y—» sina 


tan (a— 6) =(1- n) tan a. 
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In any triangle, prove that (Bx. 72 to 77) -— 


cos A = cosB 
c cos B+b cos O @ cos C+c cos A ‘. 
__ cos C 2G tbs o2, 
bcos A+acosB 2Qabe 
(6] 
tan tan B tan 3 


ae 
OO (GENIC CEO ee 
74, sin 8A sin (B- 0) +sin 3B sin (C— A) 
+sin 8C sin (A- B)=0. 


cosC =.c08 BL. 
BE-icok. B+ sin B eos A Cot O+ sin C cos A 


=2Vab 0. 
6. c=(a—d) sec 0, where tan 0= a-b 05 


77. a(cos B cos C+cos A)=b (cos C cos A +cos B) 
=c (cos A cos B+ cos 0). 
F , B Cc 
78. If in a triangle, c(a+b) cos rs =b(a+c) cos g' show 
that the triangle is isosceles. 


79. If in a triangle, a, b,c be in A.P. and the greatest 
angle exceeds the least by 90°, prove that 

a:bie= J7-1: J7:J7+1, 

80. In the solution of triangles there can be no ambi- 
guity except when an angle is determined by the sine or 
cosecant, and in no case whatever, when the triangle has 
one right angle ; prove this. [ Cambridge ] 


81. Ifsin (2 cos 6)=cos (= sin 6), prove that 


cos ( 0: iV de 


82. If sin (2 cot @)=cos (x tan 6), 


Prove that either 
cosec 20 or cot 20 is equal to n +4, n bei 


ng an integer, 


| 
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83. If a and 8 be the different values of @ which satisfy 
the equation a cos 8+b sin 8=c, prove that 
_2ab 
a? ate b? 
84. Find all the valuessof @ which satisfy the equation 
sin 0+sin 20+sin 830=1+cos 6+cos 20. 
85. Prove that in any triangle, 
ig me ry 2 1 
+ — st . 
be ca : ab 2Rr 
86. If7:R:7,=2:5:12, show that the triangle is 
right-angled. ; 
87. If the angle of elevation of a cloud observed from 


a point at a height hk above the surface of a lake be ¢ and 
the angle of depression of its image in the lake be ress 
3 in (0+ 

that the height of the cloud above the lake is h SACS +e 

assuming that the image is vertically as much below the 
surface as the cloud is above it. 

[ A. U. 1942; B. H. U. I. 19381] 

88. The elevation of a tower due north of a station at 

Ais a and at a station B due west of A is B. Prove that 


ita altitude ie Se ange [B. H. U. I. 1934] 
/sin?a—sin*B 


sin (a +p) = 


g9. A man walks along straight road and observes that 
the greatest angle subtended by two objects is a; from 
the point where this greatest angle is subtended, he walks 
a distance c along the road and finds that the two objects 
are now in a straight line which makes angle 8 with 
the road. Prove that the distance between the objects is 
c sin a sin f sec az8 sec 7 =f [B. H. U. I. 1936] 

90. On the bank of a river is a column 200 ft. high 
supporting a statue 30 it. high. To an observer on the 
opposite bank with his eye on the level of the ground the 
statue subtends an angle equal to that subtended by a man 
6 ft. high standing at the base of the column ; determine 
the breadth of the river. (B.H<. OU. LT. 1941) 


ANSWERS 


Examples I. [ Pages 11-14] 


1, (i) first quadrant. (ii) third quadrant. 
(iii) second quadrant. (iv) fourth quadrant. 

2. (i) 619 34. 444, (ii) 175° 49° 1776. 

8. (i) *258775m. (ii) SYo7- 

4, 82°30! ; 9176666; 447. 5. a: B=5r: 24. 

6. i (1-35): 7. 6° and 9°. 8. ay (D+ le mn (o+,%): 
9. yoo nearly. 10, 20° and 30°. 12, 20°, 40°, 80”. 
13. 27°, 9°, 18°, 14. (i) At 28; min. and 48 min. past 7. 


Li SFO & 7 Qn 4n. om 4 , 160, 
(ii) At 7-10. 15. 20°, 60°, 100°. 16, 777 oi OW OL 
17. 45°, 60°, 120°, 135°, 18. 9. 


2(10pm— 9qn). 
19, wi = oes 
me and nz where a= mn (L0p= 99) 20. 4. 


21, 3and 6, 22. 51°41 miles per hour (nearly). 


66444 miles per hour (nearly) ; 431445 miles (nearly), 
24, 76°8 ft. (nearly). 25. 3959 miles (nearly). 26. 38 ft. 
27. 360 yds, 


Examples II. [ Pages 24.96 ] 


25. (sin @—cos 9)2, oh a (eit 
) 8. fant tan’8. - 81, ear 
a/secta—1 4. Ni+ cot") 
33. Bore ee cotg° 84 33. 36. 3. 87. lord. 
a*—b? . a?+52 
89. oab 3) gap 43. (i) ees (ii) ay=c?. 


(iii) (bc’—b’c)? + (ca’—¢ 'a)? = (ab’—a’b)?, 
(iv) (a6 -B'c)(ab’— be) = (aa’—cc!)?. 
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Examples III. [ Pages 35-36 J 


J3 e ete a 
79° 8. (i) 60°, (ii) 45°. (iii) 30° (There is another 
angle which is not one of the standard angles). 
(iv) 45°. (y) 30°. (vi) 30°. (vii) 30°. 
9. 0=523°, P=TH°- 10. a=50°, B=10°. 
41. 4=293°, B=673°, B=45°. 42. (i) —32.. (ii) 1. 
Examples IV. [ Pages 49-51 j 
aby De teohgs 1 2 1 /3, 
De 1 EE Te eer 
1. 9° 3? 8 Los a” NB’ xB? 2 3. 0. 
4. 4B. 5. (i) 1. (ii) 42, + as 40. tan’@; 1. 12. (i) 2. 
(ii) 1. (iii) sin @ or 0 according as is odd or even. 18. $3- 
14. wa, 15. (i) cot 26°. (ii) cos 25°. (iii) cosec 39°. (iv) cos g ° 
16. (i) 300°. (ii) 480°. 17. (i) 60°. (ii) 120°, 240°. 
(iii) 30°, 150°, 210°, 330°. (iv) 30°, 150°. (v) 30°, 135°, 150°, 315°. 
Examples V. [ Pages 56-59 ] 
4. 100,\/3 ft, 2% 2°89... miles ; 24 miles. 8. 20 a/3 ft. ; 120 ft. 
4, 20/3 ft; 20ft. 5. 30,/2 ft. 6. 400 (/3+1) yds. 
7. 40/3 ft. 8. 3(3+ J3) miles. 9. 22'3 miles nearly. 
40, 94°64 ft. nearly. 11. 47°32 ft. nearly. 12, 60 miles per hour. 
18. 50 6 ft. 44, 40/6 ft. ; 40,/2( NT+1) ft. 
45. 4(./3-+1) miles. 16. 5,/13 miles. 
47, 241°6... ft.; 91°6... ft. 48, 5°25... miles per hour. 
19. 367°38 ft. 20. $V6( /5+1)- 
22. 2 miles. 23. 13°66 ft. 
Examples VI. [ Pages 68-70 ] 
21, sin A cos B cos G-—sin B cos C cos A+sin C cos Acos B 
+sin A sin B sin C; 
tan A—tan B—tan C—tan A tan B tan Cc 
ittan A tan B+tan C tan A—tan B tan C 
99, cot A cot B cot C—cot A—cot B—cot C 
- Cot B cot C+cot C cot A+cot A cot B-1 
Examples VIII. [ Pages 79-81] 
27. (i) a 
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Examples IX. [ Pages 86-87 ] 
2a? a a 
ye. 17. (i) 2sin34= Ji+sin d+ JI—sin d. 
(i) No; 2sin30= Ji+sin 0+ /insin 0. 
Examples XI. [ Pages 110-111 ] 


16. 


Lnrt i ice, (QQk+)F+ 2 (i) net ze (i) mrt 5 
ul Ee (1) 

3. Qn7+ 3° (2h-+1)r. 4, 7) +(-1) 9 
5. ant Ts or, na+(—1)"F- 6. > or, mrt ao 
Uw eee 8. (2n+1) 5» or, (2n+-1) 5» or, Qn+1) 5+ 
9 ne i or, at(-p3 » where sin a= N51, 10. 47. 
11, =. : Zo ox, == 

not | 12 (4n+1) 5 18, ane +5 or, Qn is’ 


14, (@n+1) 7 or, nr ae 15. nat 5 or, 2n7—-8, where B 


is a positive acute angle whose sine is 3, 16. gum, 17. mathe. 
Tv 
18, (4n+1)F (n 3 8m+9). 19. Qne+yyr, or, Ina yyw. 
20, —a7, — dm, 37, Br. 21. 3(nr+a), where tan a=2, 
2 nm, 28. Qnm, H4n-+1)x. 24. 90°, 450°, 810°, 
5. dr, dn. 27, (i) dna+dr ; Inet3r. 
ae v ‘Te Tr eee = 
(ii) 0, +39’ + g:t a” (iii) oh ne ttan' J. (iv) 2n7—a, notte, 
(v) Qn, or 2nw— dr, i wen ana 
OF, (vi) (Qn+1)5 “14 gt 


ss a, 
(vii) a+ g? Qn+1)7 ae 28. m7-+(—1)" 91° 48’—6g° 19’, 
29. (i) a=p=3,; or, a=3r, B= —4r, 
(ii) a= dr, Baar: or, a=iin, B=3r; 
or, a= $7, B=yar; or, a= 47, B= — 


Examples XII. [ Pages 119-191 ] 


22. (i) 1. ii) 0, ai) Cty 472 
i (ii) 0. (iii) re 23. y= se), 
24. (eM +42)=(y—2)(14 29), 25. (i) 4, or, —8, (ij) 2= 2, 
1+ab 


ANSWERS 
(iii) $08. (iv) + ae. 
(ii) osor a: (Gil) ea 


Miscellaneous Examples I. 


Examples XIII(a). 


1. (i) 6. (ii) -3. 2. -2. 5. aoe 9. (i) 1. (ii) 13. 
10. 1°1173942, ‘3861209. 13. 2°425805. 14, °41369. 
45. (i) 1'8969092. (ii) “898665. 46, 39'879. 
17. (i) 13 (ii) 6. (iii) 25. 18. (i) 24. (ii) 4. (iii) 79. 
19, (i) OE) $0) “BB. Gi) 4412 er, BT oe 

ret Qlog7—S8log2 i. . 

(iii Glog 5—log 7—2 log g? hes '108,..... 

5 = log Sam log 2 4s Fy 

(iv) «= Togs lone "71 nearly, y= Tog Slog 171 nearly. 
2b (22-0) ang Qab 


(*) 5ab-+Bac—267 —be 
where a=log 2, b=log 3, c=log 7. 


a+3b a-2b. 


20. (i) log a= Ta log y= 5 


Examples XIII(b). 


1. 3°2766077, 2. T'3686646. 8, 37°601& 4, °7400827. 
5. "8455104 ; 82° 16’ 21". 6. *7928863. 
7, 9'8440554, 10°1559446. 8. 36° 24’ 86”. 
9, 58°13’ 55", 10. 9°6198509 ; 22° 36' 28”, 
12. 10:0957589. 13. 9'9147334. 14, 9'8718486. 
16. 9=50° 7’ 48" nearly. 17. °2394. 

Examples XIV(a). [ Pages 157-160] 
23, 120° 24, 4=60°. 29. 4=90°, B=30°, C=60°. 
39. wee 242. 40. 84. 

a z y 

Examples XIV(b). [ Pages 166-168 ] 

15. r=4; R=8}. 


(iv) $, or, —3. 


(ix) 2— 3. 


19. 


265 


(vi) +5 21. 
(x) St Ne 


[ Pages 122-123 ] 


a?+b?=%1+0) 


[ Pages 135-137 ] 


5ab+3ac— 2b? — be’ 


[ Pages 142-144 ] 
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Examples XV(a). [ Pages 172-173 ] 


1. 35° 5’ 49", 2. 102° 1'.28". 3. 58° 59' 83”, ‘ 

4. 104° 30’; 46° 36’; 98° 54’. 5. (i) 88° 59! We im 
(ii) 78° 27’ 46°86", 6. (i) 48° 11’ 28"; 58° 24’ 48"; 78° 23° 54". 
(ii) 132° 34 94”, 7. A=120°, B=45°, C=15°. 


8. A=45°, B=30°,C=105°. 9. 4=60°, B=38° 11’, C=81° 49'. 
10. 4=105°, B=45°,C=30°. 11. (\/3+1): N62 (3-1). 
18. J5+1: J5—1. 14. 8:4:5, 


Examples XV(b).  [ Pages 176-178 ] 
1. B=88° 12’ 48”, G=21° 47' 19". 
2. B=56° 19’ 46°3", C=63° 40! 13'7", 
8. A=117° 38! 45", B=97° 38/ 45", 
4, A=94° 49’ 54", B=25° 17' 6. 
5. B=71° 44! 29°5", C=48° 15’ 30°5". i 
6. (i) 70° 53’ 86" ; 49° 6’ 14”, (ii) 74° 18’ 50", 35° 16’ 10", 
(iii) 4=64° 21’, B=77° 25’, c=97°39. 
7. (i) B=78° 17’ 39°6", C=49° 36! 20°4", 
(ii) 116° 83’ 54” ; 26° 337 54”, 


8. A=B=75°, 0=30°, b=2 6. 9. J/6, 15°, 105°, 
10. (i) 4=45°, B=75°, c= 6, (ii) 4=30°, B=90°, 
11. 27°0375, 12. 172°6436 ft. 18. 79'063. 
14. (i) 4=81° 20’, b=185, c=199, 
(ii) b=18°46, c=87'16, C=70° 30'. (iii) 6=118'9, c=117'2. 


15, C=75?, a=c=2,/3+29, 16. C=105°, a= /2, c= J3+1. 


17. 72°, 72°, 36°; cach side= J/5+1, 18. 8,1, 


Examples XV(c). [ Pages 184-185 ] 
1. (i) One solution, (ii) Ambiguous 3 two solutions. 


(iii) No solution, (iv) One solution (tight-angled triangle). 


2. (i) O=75°, 4=60°, a= 6 (ii) 60°, or, 120°, 
or, C=105°, 4=30°, a= N2 


3. A=45°, B=75°, c= 341, 
8. C=58° 56’ 56:3” 
A=87° 48/ 3:7" } 
9. B=84° 27’, 0=100° 83’, 
10, 4=5° 44’ 91", 
12. 4=80° 36’, C=64° 14’ 


(no ambiguity), 4, Impossible. 
oe C=121° 3! 3-4" } 
*  A=25° 41! 56:3!” 


11. 4=33° 39° 34", B= 86° 90’ 26". 
jor, A=29° 4’, G= 115° 4g! 
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Miscellaneous Examples II. [ Pages 186-188 ] 
11. 4, 5, 6. 14. B=44° 25’ 39", or, 185° 34’ 21", 
21. 4 4nr+4x—(a+b+c)}. 24. 4 (nw+3n). 
Examples XVI. [ Pages.213-214 ] 

4, 0=4r. 5. «=38° 10’ nearly. 6. dr. 7. —°37 nearly. 
8. (i) e=0. (ii) 46° 25’ (nearly) and 90°. (iii) 223° and 1123°. 
(iv) $7. (v) 14° nearly, (yi) 1°19, 2°72, 4°92. 

(vii) 1°16, 3°28, 4°95. (viii) 4°82. (ix) "64. 
Examples XVII(a). [ Pages 221-224] 
4, ,/9135 ft. 14, 17° 27’ 30". 18, 18° 26’ 5S” nearly, 


Examples XVII(b). [ Pages 231-233 ] 


1, —cos (a+) /sin 55 on 2. 0. 


3 sin {a+4 (n=1)(a-+7)} sin 4n(a+z), 
£ sin $ (etn) 


nm, sin nO ie (eae na_sin* 8na' 
4a Taysinle oo (n+1) 6. ” 4\ sina sin 3a 
_ yes sin_ne sin (n+1) 6, 
(ey 2 cos 8 
1 sin 2na 


3 1 sin na 
an 5 cos (n+1)a+ ei og 


8 2 sina 
8. cos +3 (n—1)(0-+4a)} Sara 


cos 2 (n+1) a, 


9. 4 a { (n+1) sin 2a—sin 2 (n+1) a a}. 


cos 2 (n-+1) a sin 2na, 
tu 3° Deki 2 sin 2a Ui. d 12, 0. 
18. 0. 14, sin na. 16. cosec « {tan (+1) a—tan a}. 


47. cosee 0 {cot 6 —cot (n-+1)d}. 18. 4 cosee a {tan (n+1) a—tan a}, 


19. cot @ {cot @—cot (n+1)6}—2- 20, cot a—2” cot 2%a. 


1 sin 310 in 4 (n+3) 0- fein in (n +8) 0. 


al. O° sin 40 4 sin@ 
"y—tan 2). 23, tan“? aaa 
22, 3 (tan 3"x—tan a) 3. tan™* 9 24, tans’ 5 
1 


-1 ete; —— 
25. tan REEL 26, gr-i 00 aes —2 cot 2a. 
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27, i [seize cos $ (n+3) x (1+2 cos 2a) +7 am a See cos } (n+8) a}: 
28. (n-+1) cos nb —n cos (n+1)0—1, 29. (a) in (n+1). (2) 23. 
2 ( —cos s 0) 


30. cot x tan (n-+1)z—(n+1) 3 3n (n+1)(n+2). 
Examples XVII(e). [ Pages 236-237 ] 


1. (a? -0?)?=ab, 2, a? {(-+0)? +43} = (m2 4-42 —p2)2, 
3. (2+ 3y)? =ay? (e+2y), 4, a? +52=1408—p8, 

o w+)? +(@—-ph=2, 6. (a? +4? +9a¢)? =4q? (c?+ 7/7). 
7. abe y3= af, ty) 2h 8 9. eee chee 

10. 2 (S+)(G+8-3). 11. (aa)# +. (6y)8 =(q2—02)8. 


3 4 
LP nd) c_y 
12, (2 +2) +(2 y 


18. aby! (gh +)=1, 


14, 3a-2b=a3, 15. mat, 16. 2?+4?-92 cog a=2, 
17. ab=(b—a) tana. 18, a+b=2ab, 19. (ab—c)(a? +b?) =29p, 
Miscellaneous Examples Ill. [ Pages 253-260 ] 

1. Yor, dr, 3m. 2. 40°, 60°, 80°, 2x, dr, x. 3. 90°, 293° G7 3°, 
4.1: 36, 5. 674 degrees. 6. 54° 46" 55’, 


(B+1)(t*+1) E 
26 ee oat 1. 28. 5. 29, af, 


30. c=4r, y=4r. 31. (i) Possible. (ii) Impossible, i” aes 


82. (i) a?-4p2=9, (i) 49, Gy uv 

a* b? b Yan, 
38. 341°5 ft. approximately. 39. 125 yds, 40. 173°2 ft, 
i ; ¥ i 
41. BO. 42. 273°2 ft, 43. 30 miles per hour. 

44. height=22'5 ft., distance= 38°97 ft, 45.1 
, 3. 

can 2mn 

46. oo, $33 47. m—n>2 48. —23 49. 33, 34, 2/5 
50. xy 2. Bl. 542.6, 52. 34 


84, (Qn+1) 5 2 or, (2n+1)r+ = 3? Ot, met (— 1) 7. Somor ain 


——-, 


BOARD OF SECONDARY EDUCATION W.B. 


Higher Secondary Examination Papers 
1961 

1, (a) The radius of a circle is 10 cm.; find the angle, in degrees: 
and minutes, subtended at its centre by an arc 6 om. in length. [r=32] 
(d) The angles of a triangle are in Arithmetical Progression. If 
the number of degrees in the greatest angle is the same as the number 

of grades in the least, find the angle in degrees. 
2. (a) If A, B and A—B are positive acute angles, prove geometri- 


cally that 
sin (4A—B)=sin A cos B—cos A sin B. 


(v) Find the value of 
sin 330°+ tan 45°—4 sin? 120°+-2 cos? 135°+ sec? 180°. 
8. (a) Find the values of @ between 0° and 360° which satisfy the- 


equation 
/3 sin @+cos 0=1. 


(0) If A+B+C=180°, prove that 
tan 4+tan B+tan C=tan A tan B tan C, 
4. In a triangle ABC, prove that 
(py eee 
a 6 c 
() a sin (B—C)+b sin (C— A)+c sin (4—B)=0. 

5. On a straight coast there are three objects 4, B and C such 
that AB=BC=4 miles. A steamer approaches B, in a line perpendi- 
cular to the coast and at a certain point AC is found to subtend an 
angle of 60°; after sailing in the same direction for ten minutes, AC is 
found to subtend an angle of 120° ; find the rate at which the steamer 
is going. 

6. Draw the graph of sin x between the yalues of x=0° and z=360° 
and read off from the graph, the value of sin 240°. 
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1962 


1. (a) The circular measure of two angles of a triangle are $ and 3. 
‘Find the number of degrees and minutes in the third angle. 
[37 radians =2 right angles. J 
(t) The diameter of a graduated circle is 6 ft. and the graduation 
‘on its rim are 15’ apart; find the distance (in inches correct to two 
Places of decimals) from one graduation to another next to it. 
[r=37] 
2. (a) If A, B, A+B are all acute angles, prove geometrically, that 
cos (A4+B)=cos A cos B—sin A sin B. 
(6) Show that 
, Sin 420° cos 390°+ cos (— 300°) sin (—330°)=1. 
8. (a) Find the values of @ between 0° and 360° which satisfy the 
equation 
cos79—sin @=4, 
(0) If A+ B+C=180°, prove that 
sin A+sin B—sin C=4 sin }4 sin 3B cos 30. 
4, Ina triangle ABC, prove that 


B+e?— a? 


(a) cos A= Die (2) asin (4 +0)=(+0 sin4- 


5. The angle of elevation of the top of a tower is observed to be 60° 
from a point in the horizontal plane through the foot of the tower ; 
at a point 40 ft. vertically above tho first point of observation, the 
elevation is found to be 45°. Find the height of the tower and its 
horizontal distance from the points of observation. 


6. Draw the graph of cos , hetween the values of a= —x and #=7 
and read off from the graph the value of cos 120°, 


1963 
1. (a) If A, Band A-B are alll acute angles, prove 
cos (A—B)=cos A cos B+sin A sin B. 


(0) If cos @=sin 6= ,/2 sin 8, prove that 
cos 0-+sin #= \/2 cos 6. 
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2. (a) Find the values of @ between 0° and 360° which satisfy the 
equation 


cos 6+ ,/3 sin = ,/2. 
(b) If A+B+C=180°, prove that 


cos A+cos B+cos C=1+4 sin 4 sin 2 sin g. 


8. (a) Prove that in a triangle ABC, with the usual notations 


Bit 4 =\/ Ete -¢), cos 4 = af s8= a), 


(b) The sides of a triangle are 20", 21 and 29", Find its greatest 
angle. 


4, A man on a cliff observes a boat at an angle of depression of 30°, 
which is making for the shore immediately beneath him. Three 
minutes later the angle of depression of the boat is found to be 60°, 
assuming that the boat moves uniformly, how soon will it reach the 
shore ? 


5. Draw the graph of sin 2x between the values of a= —rand 
«=m and read off from the graph the yalues of sin 150°. 


1964 
1. (a) If A, B, A+B are all acute angles, prove geometrically 
cos (4+B)=cos A cos B—sin A sin B. 


(b) Tf tan @+sec 0=<, prove that 
Peer wt ell 
sin 0= a? +1 
2. (2) Find the values of @ between 0° and 860° which satisfy the 


equation 
3(sec2@+tan20)=5. 
(0) If A+B+C= 180°, prove that 
sin (B+2C)+sin (C +2A)+sin (A+2B) 
G-4A . A-B. 


. B-C }—A 
=4sin—,— 2 sin ~9 sin 9 
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8. (a) Prove that, in a triangle ABC, with the usual notations 


tan 4 =, /=oMls=0), 


2 s(s—a) 


(0) The sides of a triangle are 9, 10 and 11; find the angle oppo- 
site to the side 10, given 


LT, tan 29° 30’=9'7526420 
L tan 29° 29’ =9°7523472 
log 2= *30103. 


4, Two chimneys are of equal height. A person standing between 
them in the line joining their bases, which is horizontal, observes the 
elevation of the nearer one to be 60°. After walking 80 feet in & 
horizontal direction perpendicular to the line joining their bases, he 
observes the elevations of the two to be 45° and 30° respectively. Find 
the height of the chimneys. 


5. Draw the graph of y=cos a—sin x between the values of a= —a 
and z=7 and find from the graph the value of « for which tan a=1. 


| GAUHATI UNIVERSITY INTER. PAPERS 


| 1958 


4. (a) A, B, A+B aro all acute angles. Prove geometrically that 
sin (4+B)=sin A cos B+cos A sin B. 
(3) Prove that tan 73°= V6— 3+ N2—2. 
2, (a) Solve cosec* 42=2 n/2 cot da. 
() Show that sin7* 44sin7? yy+sin™* 3g=47. 
8. (a) Ina triangle ABC, prove the formula 
tan 3 (B-0) =P" cot }4. 
(b) Two sides of a triangle are 4" and 2" and the included angle 
between them is 60°. Find the other angles. 
4, (a) Draw the graph of y=cosec © between a= —47 and @=47. 


(b) Bliminate @ between 
2 cos 0+y sin 0=a, —2 sin O+y cos 0=b. 


1959 


1. (a) If A, B, A+B are all acute angles, 
cos (A+B)=cos A cos B-sin Asin B. 


prove geometrically that 


(i) Simplify 
sin(B+O) + 4. Ge) ae sin(A+B) _ 
sin (C —A) sin (A—B) sin (4—B) sin (B—) “sin (B—C) sin (C — A) 


2. (a) If tan—?2-+ tan7*y+tan~*s=7, show that 


atyte=aye 

=. 2% +, p2a oy be 

(b) Solve tan~* 7— 73 = cos 2 Trae t coe x ito" 
8. (a) Ina triangle ABC, prove that 


dont =f (s=¢), where 2s=a+b+e. 
2 s(s—@) 


18 
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(t) The sides of a triangle are 9,10 and 11. Find the angle 
opposite to the side 10, given log 2=0'3010300, Z tan 29°29’=9'7523472 
and Z tan 29°80’=9'7526420. 

4, (a) Draw the graph of y=sin a between s=—z and «=n, and 
solve graphically the equation sin x—x=0. 

(t) Two stations A and B due south of a tower which leans 
towards the north are at a distance a and b from tho foot. Ifa and B 
are the angles of elevation of the top of the tower from A and B 
respectively, shew that the inclination of the tower to the horizontal is 

cot-*{(b cot a—a cot 8)/(b—a)}. 


1960 
1. (a) Prove that 
(i) sin 34=3 sin A—4sin?4. 
(ii) cos*4 cos 8A-+sin*A sin 34=cos* 2/4, 
(t) It A+ B+C=z, prove that 
sin 24+sin 2B+sin 20=4 sin A sin B sin C. 


2. (a) Te tan“*e+tan-1y-+tan-"z=47, show that 
Yyetexn+xy=1, 


(b) Solve sin-*z-+sin-* (l-2)=sin-' /7—33, 


8.(a) Find the value of the cosine of an a 


ngle of a plane triangle 
in terms of the sides. 


(1) In a plane triangle ABC, G=60°. Provo that 
elie us 18 : 
b+ce cta atbte 
4, (a) Draw the graph of y=sin (z+42) between g= — 
(t) The elevation of a tower ata 
is a, and at a station B due w: 
the tower is AB sin asin p/ 


fv and «=r. 
Station A due north of the tower 


est of A is 8. Prove that the height of 
Nsin?a—sin3p. 


—_. 


PATNA UNIVERSITY QUESTIONS 


1943 ( Annual ) 
1. (2) Show that cos’A cos 34+sin°A sin 834=cos*24. 
(0) Ifa sin*d+y cos*@=sin 0 cos @, and aw sin @—y cos @=0, show 
that 27+7? =1. 
2. (a) Wstablish the formula 
cos B—cos A=2 sin ae sin 4-8. 
(t) Prove that cos*4 +cos?B+-cos*0—2 cos A cos Boos C=1, 
if A+B=C. 
8. (a) Prove that ina triangle, cos 4 = rf 


gy 282 Ba), Hsin (O=A),, 0% sin (A=) ig 

sin B+sinG sinC+sinA sin A+sinB 3) 

4, (a) Draw tho graph of y=sin a+-cos x as a ranges from 0 to 7. 
(b) Prove that cot A+cot B+cot C=cot A cot B cot G, 


if A+ B+O=47. 
5. (a) Prove that log, n=loge 1X logy a. 

(2) To determine the breadth AB of a canal an observer places 
himself at O in the straight line AB produced through C, and then 
walks 100 yards at right angles to the lines. He then finds that AB 
and BC subtend angles 15° and 25° at his eyes. Find the breadth of 
tho canal, given D cos 95° =9'9572757 ; D cos 40°= 28842540 ; L cos 75° 
= 9'4129962 ; log 37279=4°5714643 5 log 8728=3'5714759. 


1944 ( Annual ) 


1. (a) Evaluate sin 18°, 
(0) Té sec (¢+a)+sec (6—a)=2 sec ¢, prove that 


cos ¢= 4/2 cos = 


2. (a) If A+B+0O=m, prove that 
A oe (thea crcl Te er 
cos 2 +cos 2 +cos 2 4 cos 4 cos re 


(b) Draw the graph of y=tan «from = 0 to r=2r, 
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8. Ina triangle ABC, prove that 


(i) cos f= Ad 


(ii) cot A, cot B, cot C are in A.P., if a?, b?, c? are in A.P. 


4, Two sides of a triangle are in the ratio of 9 to 7, and the included 
angle is 64° 12’; find the other angles, having given log 2= "3010300, 
Ty tan 57° 54’=10'2025255, DL tan 11° 16’=9'2993216, Z tan 11°17 
=9'2999804, 


5. A flagstaff PN stands vertically on level ground. A base XY is 
Measured at right angles to XN, the points X, Y, NV being in the same 
horizontal plane, and the angle PXN and PYW are found to bea and B 
respectively. Prove that the height of the flagstaff is 

sin a sin B 
*" —— XY. 
Nsin (a—8) sin (a-+8) % 


1945 ( Annual ) 


4% a a ee 8, ae 
(a) tf tan (@+a) tan (@+8) tan (0+) prove that 
uty. Ute. 2 SEOr. 
aa sin? (Cie sin? (B-y)+ sin? (y—a)=0, 
(0) Prove that cot A-+-cot (60° + A)+ cot (120°+.4)=3 cot 34. 


2.(a) If 44+B+C=180° and sin (4+9)=n sin 9 show that 
tan Fi tan 22-1, 
n+1 
(0) If 44+B+¢0= 180°, prove that 


sin? 4+sin?B+sin?0—9 cos A cos B cos C=2, 
8. Ina triangle, prove that 


() sin4 = rf eaeR9. 


(ii) (B2 —c*) cot A+(c? —a*) cot B+(q?—p2 
4. (a) Draw the graph of y= 
graph find the angles Noa an 


_ (0) Tt a= 
given log $=*4! 


5. A fla 


) cot C=0, 
sin « from ~=0 to c=7, and from the 
eis “7. 

70, b=35, C=36° 59! 9" 


> find ¢ i 
171213, Z'cot 18° 96" 6 nd the other angles, having 


=10'4771213 


of the tower ig___@tana 
1-tan a tan (a+ 8) 


ALLAHABAD UNIVERSITY QUESTIONS 


e 1959 
sin 4+sin B_ A+B A-B 
1. (a) Prove that sin A=sin Bo? 7 cot 5" 


'b) Prove that cot ™ +0) xcot (= —0)=1. 
4 4 


sin @+sin 20 _ 
2. (a) Prove that AaeGoaIe F008 97 tan 0. 


(b) Solve the equation 3 cos 6+sin 2. 


AB? 4\=,/28 AS 
3. (a) Prove that tan (45 2h Ew/ jean A+ttan A, 


(t) If A+B+ G=180°, prove that 
sin?A+sin?B—sin*C0=2 sin A sin B cos C. 


4, (a) Prove the formula += 8, where the letters haye their usual 


meanings. 
(t) Prove that in any triangle, (71 —7)(r'2 —7)(73 —7) = 4 Rr? 


5, The sides of a triangle are $2, 40, and 66 feet. Find tho angle 
opposite the greatest side, having given 
log 3= "47712, log 69=1°83885, log 87 =1°56820, 
| log 29=1'46240, TL, cot 66° 10'=9°64517, L cot 66° 20’=9'64175, 


6. (a) If A+B+C=328, prove that 
sin (S—A)+sin (S—B)+sin (S—C)-sin S 
‘=4 ina ine ino 
ae nae 9 BQ 
(0) In any triangle ABC, prove that 
& ON csascnty 6 
(b+e—a) (cot az toot 5 )=2a cot 5 
7. At each end of a horizontal base of length 2a it is found that the 
angular height of & certain peak is 0, and that at the middle point it is 
g Prove that the vertical height of the peak is 
psasinidisini 2, 
Nain (6+8) sin (6-8) 
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1960 
1. (a) Prove that 
cosA+cosB_ A+B ae A-B 
cos B-cosd # gO? 8g 


(0) Solve the equation 4 cos?@+ /3=2(./3+1) cos 0. 


2. (a) If tan a=, and tan B=, prove that 


(t) Show that 


Qn 30 om 
2 cos 13 008 ist cos gt cos 3 0. 


3. (a) Find the value of cos 36°. 
(b) Prove that 


1 A A 
cot A= 5 (cot 9 —tan 3): 


4, (a) Prove the formula R= (ee, where the letters have their usual 


4S 
meanings. 
(0) Prove that 
ene LL ed: i 
be* ca ab 2Rr 
5. 


In the triangle ABC, b=16, c=25 and the angle B=33°15’. 
Find the Temaining angles if 


log 2="30103, 
L sin 88° 15’=9°7390199, 
D sin 58° 56’=9'9397616, and 


DT sin 58° 57’=9:9398576. 
6. (a) If A+ B+C= 2S, prove that 
sin (S— 4) sin (S—B)+sin § sin (S—C)=sin 4 sin B. 
(0) If the sides of a triangle be in arithmetical Progression, prove 
that so also are the cotangents of half the angles, 
7. Ata distance a from the foot 4 ofa 


b, a flagstafi BC on the top of the tower and the tower both subtend 
equal angles. Find the height of the flagstaff, 


tower AB, of Inown height 
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1961 


1. (a) Prove that 
sin 7A—sin 54 
cos 5A-+cos 7A ead cb 


(b) Prove that 
sin A=2 tan a / (+n? 4 


2. (a) Prove that tan 24 =(sec 2A+1) /sec 
(b) Solve the equation sin @+sin 39+sin 50=0. 


8. (a) Find the value of sin 224°, 
(t) Prove that 
BOA fare, 2 Ne © A\ 1 
sint(5 +4) sin ( ‘y= 
. 4, (a) Prove the formula 
7r=4R sin 4 sin 2 sin g , 
where the letters have their usual meanings. 


(b) Prove that 
CG 


rats =r cot? cot? 2 cot? me 

5. If the lengths of the greatest and least side of a triangle be 
24 and 16 feot respectively and the angle between them be 60°, find the 
length of tho third side and the remaining angles, given log 2="80103, 


Jog 3= "4771213, and ZL tan 19° 6’=9°5394217, diff. for 1'= 4084. 


6. (a) If A+B+GC=25, prove that 
cos?.$-+c0s?(S— A)-+cos*(S—B)+cos*(S—C) 
=2+2 cos A cos Bcos C. 


(b) In any triangle ABC, prove that 
asin (B—C)+b sin (C—A)+c sin (A—B)=0. 
more than 100 feet high, consists of two parts, the 
third of the whole. Ata point in a horizontal plane 
of the tower and 40 feet from it, the upper part 
hose tangent is}. Find the height of the tower. 


7. A tower, 
lower being one- 
through the foot 
subtends an angle w. 
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1. Expand the determinant 
1 1 1 


sin A sinB sin CG 


cos A cosB cos CG 
Hence or otherwise prove that for any A ABC, 
a sin (B—C)+b sin (C— A) +c sin (A —B)=0. 
2, (a) Prove that 
7 


-.1 -lolm, 
2 tan 3 t tan Ta 


() Solve the equation tan ¢=cot 0. 
3. Prove the following : 


sec 44—7 =n 84 cot 24. 


(ii) tan 6° tan 42° tan 66° tan 78°=1. 
(iii) sin (4 +B) sin,(4—B)=sin?4—sin?B, 


4. (a) Obtain the radius of the in-circle of a triangle in terms of the 
lengths of its sides. 


(t) Ifr and R denote Tespectively the radii of the inscribed and 
circumscribed circles of a triangle ABC, prove that 
SAS, teri 
be ca apm 2rk 
5. (a) In any triangle ABC, proye that 
A-B_a-} Cc 
tan a Fag tg C 
; (0) Ina triangle ABC, a=540 yards, b= 490 yards, ZC=52° 6. 
Find the unknown angles, having given :— 
log 2= -30103 
L tan 26° 3! "6891430 
Z tan 14° 20’=9-4074199 
D tan 14° 91'= 9°4079453 
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6. The angle of elevation of a cloud from a point h feet above 
a lake is a and the angle of depression of its reflection in the lake is 8. 
Prove that the height of the cloud above the lake is 
sin (3+a)_ 
sin (8— a) 
7. (a) Prove that sin*A+sin?B—sin*@=2 sin A sin B cos C, where 


A+B+C=180°. 


(b) Solve the equation 
/3 cos 6+sin 0= 0/2. 


h 


1960 


1. (a) If an angle subtended by an arc of length 7 at the centro of 
a circle of radius r be taken as a unit, and three angles A°, B® and C 
radians expressed in that unit be a, ¥, ¢ respectively, show that 
nde ARO, 
wiyie= Fe: 99: 100- 


(3) Prove that 
cos (4—B)=cos A cos B+sin A sin B. 


2, Solve: 

(i) tan ( cot @)=cot (x tan 6). 

(ii) sin 20=cot 30. , 

(iii) J/3 sin @—cos 6= ,/2. 
3. Prove that 

(i) tan (tan-*a-+ tan7*y+ tan=*2) 

=cot (cot-?a-+ cot~ y+ cot *2)- 
1) fides LAY tees ee Oeeamy 

(i) (es) r oral\r rs) 7 (atb+e)* 


i 
where the symbols 7, 71; 72: 7s and B have their usual meanings. 


4. (a) Prove that 
Br 
16 cos = cos * 15 = cos, a 
(bd) In any triangle ABG, prove that 


a2(cos?B—cos?C) + b?(cos?C —cos* A) 
+c7(cos*4A—cos*B)=0. 
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5. (a) Prove that 
sin 44=4 sin A cos*4—4 cos A sin*A, 

(2) If the angles of a triangle are in A.P. and the lengths of the 
greatest and least sides be 24 and 16 feet respectively, find the length 
of the third side and the angles, given— 

log 2=+3010300, 
log 3="4771213 
L tan 19°6’= "5394287, 
diff. for 1’=4084, 


1961 
1. Prove the following : 


(i) ae dotaw 475° A+tan 4, 


(ii) sin 20° sin 40° sin 60° sin 80°=.3,. 


(ii) tan 4+ tan B+tan C=tan A tan Btan 0, where 4+B+0 
=180°, 


2. Prove that sin-* 3+sin-1 tr=sin-* 2, 
(0) Solve tan 6+ tan 29-+ A/3 tan @ tan 20= 4/3, 
3, (a) Discuss the ‘ambiguous case’ in the solution of triangles. 


(0) In the ambiguous case, given a, b, and A, prove that the 
difference between the two values of cis 2./q?—$* sind. 


4. (2) In any triangle ABC, prove that ain 4a H8 Been 
a c 


(b) Prove that M+ +7,—r=4R, 


times that at 4. If 4p= 
is 5 V(a+0)(8b—a), 
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XXII INTERMEDIATE TRIGONOMETRY 
SOME USEFUL CONSTANTS 
One radian=57° 17’ 45” nearly = 206265" ; 
log 206265 =5°3144955, 


= 3'14159265.., * =0'31830989... 
J/2=1'4149135... - J/3=1°7320808... 
V5 =9'9368679... V6 =9'4494897... 
/7=2'6457513... V8 =9'8984971... 


G)10- 3'1622776..., 


SOME USEFUL LoGaRituMs 


log 2=°30103 log 8="47719 
log 5= "69897 log 7 ="84510 
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